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T h i s  r e p o r t  is d i v i d e d  i n t o  two p a r t s .   T h e  first c o v e r s  
t o p i c s  r e l a t e d  t o  e s t i m a t i n g  s o u n d  i n t e n s i t y  from a s t a t i o n a r y  
s o u r c e  i n  t h e  n a t u r a l  a t m o s p h e r e ;  t h e  s e c o n d  c o v e r s  some of 
the  problems of  es t imat ing  sound in tens i ty  f rom a moving  sound 
s o u r c e .   I n   b o t h   c a s e s  the f a r   f i e l d   o f   s o u n d   p r o p a g a t i o n  is 
o f   p r i m a r y   i n t e r e s t  (1. t o  40. km). 
T h e  m a j o r  r e s u l t s  i n  the f i r s t  p a r t  d e a l  w i t h  ( a )  the 
e s t i m a t i o n  o f  i n t e n s i t y  by c a l c u l a t i n g  a s i n g l e  r a y  a n d  
a s soc ia t ed  pa rame te r s  and  (b )  t h e  method  of l o c a t i n g  c a u s t i c s  
above the ground.  These two problems a r e  c l o s e l y  r e l a t e d .  
To estimate sound i n t e n s i t y  a t  a p o i n t  t h e  r a t e  of  change 
of d i s t a n c e  t o  t h e  r e t u r n i n g  r a y  w i t h  r e s p e c t  t o  i n i t i a l  
i n c l i n a t i o n  a n g l e  is r e q u i r e d .  T h i s  may be obtained  numeri-  
c a l l y  from t h e  d i s t a n c e  o f  t h e  r e t u r n i n g  r a y  when they have 
b e e n   c a l c u l a t e d   f o r   s e v e r a l   r a y s .  I t  seems d e s i r a b l e  t o  d i f -  
f e r e n t i a t e  t h e  i n t e g r a l s  f o r  d i s t a n c e  w i t h  r e s p e c t  t o  i n c l i n a -  
t i o n  f o r m a l l y  a n d  c o m p u t e  t h e s e  d e r i v a t i v e s  a s  p a r t  o f  t h e  r a y  
t r a c i n g   p r o c e d u r e .   T h e   f o r m a l   i n t e g r a t i o n ,   h o w e v e r ,   l e a d s   t o  
d i v e r g e n t   i n t e g r a l s .  I t  is found tha t  i f   t h e s e   f o r m a l l y  
d i v e r g e n t  i n t e g r a l s  a r e  i n t e g r a t e d  by p a r t s ,  t h e  r e s u l t i n g  
in t eg ra l s ,   t hough   imprope r ,  are convergent .  
The l o c a t i o n  o f  c a u s t i c s  f o r  s i m p l e  c a s e s  by a l g e b r a i c  
m a n i p u l a t i o n  o f  t h e  e q u a t i o n s  is r e l a t i v e l y  e a s y ,  b u t  t h e  
n u m e r i c a l  p r o c e s s e s  r e q u i r e d  i n  a n  a c t u a l  c a s e  l e a d  t o  some 
comput ing   problems.   These   p roblems  a r i se   because   for   an  
e f f i c i e n t  r a y  t r a c i n g  p r o c e d u r e  i n t e g r a t i o n  o v e r  t h e  l a r g e s t  
c o n v e n i e n t   l a y e r s  is necessary.   The caus t ics  a l o f t   t e n d   t o  
appear  near  the r e f l e c t i o n  l e v e l  ( b e t w e e n  t h e  r e f l e c t i o n  
l e v e l  and t h e  n e x t   l o w e r   d a t a   l e v e l ) .  U s e  is made o f   t he  
nea r ly  imprope r  cha rac t e r  o f  t h e  r a y  t r a c i n g  i n t e g r a l s  t o  
o b t a i n  t h e  he ight  of  the c a u s t i c s .  
i v  
The second  part on estimating  for  field  sound  intensity 
from  a  moving  source  contains  a  discussion  of  several  items 
to be  considered  that are  usually  omitted in the  stationary 
source  situation.  Most  of  these  items can be  included with 
no problems. However, the  calculation of the  focusing  factor 
for  a  moving  sound  source  presents  grave  problems  (and is 
a  prime  necessity  for  intensity  estimates). In the  first 
place, it is necessary  to  calculate  not  only  the  horizontal 
travel  distance,  but  also  the  time  of  travel.  If  only  this 
is done,  the  intensity  calculation  requires  extensive  storage 
of results and  then  interpolation  (to  put  the  ray  picture 
in terms  of  uniform  arrival  time)  and  numerical  differentia- 
tion  (to  get  the  focusing  factor). The appropriate  quantities 
for  focus  factor  calculations  may  be  obtained  in  convenient 
form  from  kinematical  considerations of  the  propagation 
process. 
V 
KAMAN  NUCLEAR 
A DIVISION OF KAMAN  SCIENCES 
COLORADO SPRINGS, COLORADO 
INTRODUCTION 
The first  part  of  this  report deals  with  certain  problems 
involving  ray  tracing  methods  from an essentially  stationary 
sound  source,  though  the  results can be  applied with  suitable 
modification  to  the  estimation  of  sound  intensity  from  a 
moving  source  also. The principal  results  deal  with  the  cal- 
culation  of  sound  intensity  along  a  ray  and  the  calculation 
of  the  location  of  caustics  (foci)  aloft. 
To calculate the  sound  intensity  or  focusing  factor,  it 
is necessary  to  have  available  the  rate  of  change  of  horizon- 
tal  travel  with  respect to the  initial  inclination  angle  of 
the  ray.  If  intensity  at  the  ground is the  only  item  of 
interest, rays for  several  inclination  angles  may  be  computed 
to  ground return and  the  resulting  intensity  may  be  obtained 
by  numerical  differentiation.  When  this is done,  the  effect 
of  caustic  surface  aloft is neglected.  If  intensity can be 
calculated  at  various  points  along  the  sound ray, then  intensity 
at  the,  ground  may  be  determined with  no  further  effort  from 
a  single  ray  path (one  initial  inclination  angle)  and also 
the  presence  and  locations  of  caustics  aloft  may  be  computed. 
The integrals to obtain  horizontal  travel  may  be  differ- 
entiated  explicitly  with  respect to the  initial  inclination 
angle  and  this  derivative  determined  for  points  along  the  ray. 
The initial  inclination  angle  occurs  only in the  integrand of 
the ray integral.  These  integrals  are  improper  but  convergent 
at  every  reflection  layer to start  with,  but  after  formal 
differentiation  the  results  are  improper  but  divergent  at  the 
reflection  level.  Formal  integration  by  parts  results in 
integrals  that are  again  improper,  but  convergent. This 
change  of  form  of  the  basic  equations  permits  intensity 
evaluation  along  the  ray as the  ray  tracing is carried  out 
step  by  step. 
The transformed  ray  tracing  integrals  for  these  deriv- 
atives  clearly  shows  one  of the reasons why  the  linear  layer 
model  of  the  atmosphere is so unsatisfactory. The technique 
of  integrating  by  parts  reduces  the  order  of  the  discontinuity 
of  the  integrand  at  the  reflection  layer  but  introduces  into 
the  integrand  the  second  derivative of the  wind  and  speed  of 
sound with  respect  to  height. This is exactly  the  quantity 
handled  in so cavalier  a  manner  in  the  linear  layer  model of 
the  atmosphere . 
The location  of  caustics  aloft  presents  some  problems. 
n-  1 These  are  expected  to  lie  in an altitude  range  between Z 
and  the  reflection  level. The ray  travels an unusually 
long  distance in this  layer.  Their  location is obtained  by 
using an approximate  expression  for  the  integral  which  gives 
an explicit  form  for  the  altitude  of  the  caustic on the  ray 
concerned.  The  horizontal  distance to where  this  ray is 
tangent  to  the  caustic  may  be  obtained  by  interpolation,  but 
is much  more  accurately  found by explicit  ray  path  integration 
using  the  caustic  altitude as the  upper  limit  of  the  ray 
integrals. 
The estimation  of  sound  intensity  from  a  moving  source 
presents  many  problems  that can be  omitted  from  consideration 
for  a  stationary  source.  When  the  moving  source is the 
rocket jet, the  source is highly  directive,  a  factor  that 
cannot  be  ignored. This means not  only  that  directivity  must 
be  considered,  but  also  the  details  of  the  sound  ray  azimuth 
and elevation  to  the  pitch and yaw of  the  rocket  engine.  Doppler 
frequency  shift  must  be  taken  into  account. The coupling  of 
the  sound  and  receiver  source with the  atmosphere  cannot  be 
ignored  because of the  large  altitude  separations.  These  con- 
siderations  merely  require  adjustment of the  stationary  source 
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results. The biggest  problem is that  of  adequately  eval- 
uating  the  focusing  factor  itself. 
In the  stationary  source  case,  differences in arrival 
time  from  place  to  place can be  ignored.  They  must  be  very 
carefully  included  where  the  source is in  motion. Thus time 
of sound  travel  becomes  a  necessary  calculation.  It is pos- 
sible to store  all  of  the  time  and  distance  calculations  for 
all source  levels in the  computer,  then  reduce  the  results 
to a  fixed  time  of  arrival  at  the  ground  by  inverse  interpo- 
lation  methods, and  finally  carry  out  the  required  numerical 
differentiation  to  obtain  a  valid  focus  factor. The demanding 
storage  of  this  method  may  be  eliminated  by  consideration 
of  the  sound  propagation  kinematics. The result is that  if 
certain  derivatives of distance  and  time with  respect to  ray 
inclination  and  source  altitude  are  calculated  in  the  ray 
tracing steps, these  are  then  combined  with  the  components 
of  the  source  velocity  vector  to  yield  a  focusing  factor 
for  each  ray. The computation  steps  are not as complex as 
it  would  seem  because  of some  interrelations  that  exist 
between  the  required  quantities. This shortens  significantly 
the  steps  required. 
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A .  MISCELLANEOUS RAY TRACING PROBLEMS ~ ~~ 
The items of  this  section  comprise  several  topics  of 
importance  for  application  of  the  ray  tracing  method. 
The first  section is devoted to a  few  words on the 
basic  difference  between  using  a  linear  layer  model  of 
the  atmosphere  and  a  model with  smoothly  varying  tangent. 
The burden  of  the  discussion is not  that  the  parabolic 
model that we have  used  introduces  additional  "interpolated" 
points,  but  that  it is "smooth",  a  fact  that shows up only 
in  the  form  of  the  integrals  evaluated.  We  have  had n
impression  that  this  distinction  has  been  misunderstood. 
The  calculation  of  the  derivatives of the  ray  travel 
distance  with  respect o  initial  inclination  angle makes 
it  possible to calculate  intensity  from  a  single lrayvl. 
Otherwise  a  collection  of rays is required. The routine 
differentiation  of  the  expressions  involved  leads  to  inte- 
grals that  cannot  be  evaluated.  We  have  found  a  method  that 
can be  applied  easily  without  encountering  this  difficulty. 
It requires  integration  by  parts  and  consequent  evaluation 
of the derivatives of  wind  and  speed  of  sound with  respect 
to  height.  Second  derivatives  of  these  quantities  are  re- 
quired. These have  infinite  discontinuities  at  data  points 
and  further  emphasize  the  fact  that  the  linear  layer  model 
for the atmosphere  is  most  inappropriate. This latter  point 
is illustrated  in  the  third  section  separately. 
The location  of  caustic  surfaces  aloft is reasonably 
simple  for  elementary  models  that can be  treated  explicitly. 
This is not  the  case for actual  ray-tracing  practice  in  the 
atmosphere. The fourth  section  discusses  these  problems. 
The major  problem is in  locating  the  ray  envelope  when  data 
levels  are  well  spaced  apart. A method  of  location is 
developed  that makes  use  of the  infinite  integrals  of  the 
preceding  paragraph. 
The final  section  is  devoted  to  a  discussion  of  the 
evaluation  of  the  focusing  factor  at  a  focus  for  a  particular 
case. 
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1. A Philosophy of the  Ray  Tracing  Technique 
In any  method  of  ray  tracing,  the  problem is to  obtain 
a  numerical  solution t o  the  differential  equations  for  the 
sound  rays. There  are  many  methods  that can be  used.  When 
interest  basically  lies in  the  sound  intensity on the ground, 
interest is confined  to  estimating  the  ."size"  of  the  ray 
tube  where  it  reaches  the  ground,  that is in  the  focusing 
factor 
n 
f = R~COS Vo/r(dr/+,) sin (pp 
where  R = slant  distance  from  source  to  receiver, 
r = horizontal  distance  from  source  to  receiver 
cp = initial  ray  tangent  of  the  ray  (at  the  source) 
cp = ray  tangent  of  the  ray  at  the  receiver. 
0 
P 
For  practical  considerations,  there is little  or  no  interest 
in  how  the  ray gets from  source  to  receiver as long as the 
focusing  factor can be  calculated. 
Unfortunately,  for  most  practical  solutions f the 
problem,  the  ray  path  is  calculated  in  arriving  at  the 
focusing  factor. The reason  for  this  lies  in  the  fact  that 
it is  reasonably  straightforward  to  treat  the  differential 
equations  for  the  rays as an  initial  value  problem. 
In  carrying  out  the  solution  of  the  initial  value  problem 
for  the rays the  various  techniques  reduce  to  the  approximate 
integration  through  layers  of  the  atmosphere  which  are  assumed 
to  be  homogeneous  in  the  horizontal,  but  changing  in  the 
vertical  in a known way. The  ray  equations  are  such  that, 
if  the  proper assumptions  are  made  concerning  the  variations 
of  wind  and  speed  of  sound  through  the  layer  the  quadratures 
involved  are  exact. This leads  to  the  possibility  of  using 
rather  thick  layers  and  consequently  to  a  considerable  reduc- 
tion  in  the  numerical  work  of  calculating  a  ray  path. T e
above is strictly  true  only  in  a  stationary  atmosphere.  For  a 
I 
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windy  atmosphere it is only  approximately  true. The wind 
component  along  the  ray  plane  and  the  speed  of  sound  enter 
the  integrals in somewhat  different  ways so that  exact 
integration is scarcely  possible or leads  to  exceedingly 
complex  formal  integration  expressions.  However,  it is 
possible  to  separate  the  integrand  into  two  factors,  one 
of which  varies  much  more  slowly  than t e other. This tech- 
nique  permits  reasonably  accurate  integration  over  large 
layers,  in  which  the  slowly  varying  part is assumed  constant 
and  the  exact  quadrature  for  the  more  rapidly  varying  part 
may  be  expressed  rather  simply. 
The other  alternative is to divide  the  atmosphere  into 
very  thin  layers  and  to  use  reasonably crude  methods  of 
integrating  over  many  such  layers.  In  this  instance,  the 
exact  character  of  the  ray  path is of  little or  no  importance. 
We  have  pointed  out  that  the  linear  layer  model  of  the 
atmosphere is inconsistent with the physical  assumptions 
behind  the  ray  tracing  technique  and  that  the  results  obtained 
from  a  linear  layer  model  show  certain  peculiarities  of  the 
rays,  such as bifurcated rays at a  maximum  of  the  speed  of 
sound  profile,  that  are  inherent  in  the  violation  of  these 
physical  assumptions.  In  order  to  overcome  this  difficulty, 
the  parabolic  model was introduced. The use of a  parabolic 
model  has the  great  advantage  that  the  basic  assumptions  of 
the  ray  tracing  technique  are  much  more  realistically  satis- 
fied.  In  particular,  the  profile  of  speed  of  sound as a 
function  of  altitude  does not  have  the  inherent  infinite 
point  discontinuities  of  the  second  derivatives at the  data 
points,  a  characteristic  that  cannot  be  avoided  in  the 
linear  layer  model. 
The parabolic  model  has  the  virtues; (a) it is simply 
constructed  in  a  unique  way, (b)  it leads  to  easy  separation 
of  the  ray  tracing  integrand  into  a  slowly  changing  factor 
that can be  treated as approximately  constant  and  a  factor 
that changes  rapidly  but  which  may  be  integrated  exactly, 
and  finally (c)  it is easily  controlled  to  represent  the 
. . . . . . . ... . 
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structure of speed of sound  (plus  wind  component) as a 
function  of  altitude. 
Any  other  smoothly  varying  function  of  speed  of  sound 
(plus  wind  component)  versus  altitude  would  be  satisfactory 
as far as the  physical  assumptions  of  the  ray  tracing  method 
are  concerned.  Some  are  reviewed  briefly  with  the  reasons 
for their  rejection. 
(a) Standard  interpolation  formulas,  such as LaGrange 
interpolation  either  become  too  complex to manipulate  handily 
when the whole  sounding  is  considered as a  unit or, if 
applied in a piecewise  manner, do not  preserve  the  contin- 
uity of slope at  the  data  points.  In  the  first  instance, 
some 25 or more  data  points  require  a  polynomial  of  24'th 
degree. This is not  only  silly  in  itself,  but  such a poly- 
nomial is also  not  guaranteed  to  reasonably  represent  the 
sounding  in  the  sense  that  cases  may  occur  where  the  inter- 
polated  values  between  data  points  would  fluctuate  wildly. 
(b) Hermite  interpolation  may  be  used. This requires 
that  a  slope  be  assigned  at  each  data  point. This can be 
done handily  by  assigning as slope  the  secant  across  adjacent 
data  values, (dc/dz)n = ( c ~ + ~  - c
curve for the range  from zn to z ~ + ~  would  pass  through  points 
c and c with the  assigned  slopes  (dc/dz)n  and  (dc/dz)n+l. 
In  this  simplest case, the curve is cubic.  (The  wind  component 
is omitted  in  the  above  expressions  for  the  sake of simplicity.) 
The integral  for  ray  tracing,  when  separated  into ts slowly 
varying  factor  and  more  rapidly  varying  factor,  now  becomes 
difficult  to  handle. The factor  to  be  integrated  involves 
the square  root  of  a  cubic  expression. This can be  integrated 
in  terms of  elliptic  integrals  but  to do so a  cubic of  the 
most  general  form  must  be  dealt  with. The isolation and 
evaluation  of all of  the real  roots  is  a  first ep. Then 
the  location  of  the  end  point  of  the  integration  interval with 
respect  to all  of the roots is required.  Each  of  the  combined 
cases  of  root  and end  point  locations  leads  to  separate  expres- 
sions  in  terms  of  ellipitc  integrals.  Finally  these  elliptic 
n-  1  )/(Zn+l  n- 1 - z ). The 
n n+ 1 
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integrals  are  to  be  evaluated. The subroutines  are  not 
generally  available in software so that  evaluation  by 
subroutines  are  required. 
(c) Spline  interpolation  has  the  same  disadvantages 
as Hermite  interpolation or worse. There  are handy  spline 
methods,  but  the  simplest is the  cubic  spline  and we  have 
seen that  the cubic  polynomial  leads to problems. 
Note  in  the  above  that  Hermite  and  spline  interpolation 
are  objectionable  only  when  it comes to  evaluating  the 
resulting  integrals. Both  methods  serve  admirably  to  obtain 
interpolated  points  from  the  sounding.  But  interpolation is 
not  the  problem. The problem  is  the  exact  integration  of  the 
radical that contains  the  interpolation  function. 
In  order  to  obtain  a  simple  quadratic  interpolation 
function that  would  go  through  the  data  points  with  given 
slope,  special  additional  points  were  interpolated  at  the 
halfway  levels, (zn + z )/2. The values  assigned at these 
points  were  fixed  by  the  requirement  that  the jump of  the 
second  derivative  at  these  points  be  a  minimum  while  the 
parabolic arcs  join  smoothly  (same  first  derivative). The 
use of  these  additional  points  does  not  lie  in  any  requirement 
for  more  closely  spaced  information on wind or speed  of 
sound.  There is no  implication  that  the  accuracy  of  the  ray 
trajectory is improved  by  using  thinner  layers.  These  points 
would  have  been  avoided  had we  seen  any  way  of  fitting  the 
parabolas  without  them.  They  were  required  to  get  a  smooth 
parabolic  fit  from  layer  to  layer. 
n+  1 
Parabolas can be  easily  fitted  to  the  data  points  for 
interpolation  purposes  but  they  generally  do  not  conform 
to  the  requirements.  Parabolas  fitted  to  points by threes, 
(21, 22, z& (23’ 249 z5), (zs, 26’ 271, etc.,  will  not 
generally  have  common  tangents at the join  points, z3, z z 
etc., with the  consequence  that we  are not  better  off  than 
before.  Many  other  parabolic  formulae  were  considered,  aver- 
aged  overlapping  parabolas,  etc.,  but  none  were  satisfactory. 
5’ 7 ’  
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The i n t e r p o l a t e d  p o i n t s  a t  which the p a r a b o l i c  arcs a r e  
j o i n e d ,  the o r i g i n a l  d a t a  p o i n t s ,  and the p o i n t s  a t  the apex 
of the p a r a b o l i c  arcs, are u s e d  i n  t h e  pa rabo l i c  mode l  fo r  
r a y  t r a c i n g  to  de termine  limits o f  i n t e g r a l s  and  in t eg rands  
f o r  t h e  e v a l u a t i o n  o f  r a y  traced d i s t a n c e  u n d e r  the assump- 
t i o n  tha t  the sounding itself is a sampling from such para- 
b o l i c  arcs. In   o the r   words ,  the  v a l u e s  that  would  have  been 
observed had many more sounding points  been obtained would 
l i e  on t h e  p a r a b o l i c  arcs. I t  is obvious  tha t  t h i s  is a 
f i c t i o n ,  b u t  much less of a f i c t i o n  t h a n  t h e  assumption 
t ha t ,  had many more po in t s  been  obse rved ,  t hey  would a l l  l i e  
on s t r a i g h t  l i n e s  j o i n i n g  t h e  f e w  tha t  were observed.  
The i n t e r p o l a t e d  midway p o i n t s  and t h e  apex  po in t s  appea r  
t o  augment t h e  data somewhat ( b u t  i n  r ea l i t y  they  d o  n o t ) .  
There may be o c c a s i o n s  when i t  seems r e a s o n a b l e  t o  j o i n  t h e  
o r i g i n a l  and  augmented p o i n t s  by s t r a i g h t  l i n e s  t o  improve 
t h e  i n t e r p r e t a t i o n   o f  t he  sounding. We feel that  there is 
indeed some improvement when t h i s  is done.  But i t  is a s  
i n c o r r e c t  t o  t h e n  u s e  t h i s  augmented l i n e a r  l a y e r  model for 
r a y  t r a c i n g  as  i t  w a s  t o  u s e  the o r i g i n a l  d a t a  p o i n t s  i n  a 
l inear  layer   model .  The r eason  is e x a c t l y  a s  i t  w a s  o r i g i n -  
a l l y .  Any r a y  t r a c i n g  method i n  which t h e  i n t e g r a l s  a r e  
e v a l u a t e d  a s  though speed of s o u n d  v a r i e s  l i n e a r l y  w i t h  
h e i g h t  a r e  p h y s i c a l l y  u n a c c e p t a b l e :  the  basic  assumption of  
a smooth ly  vary ing  s lope  is v i o l a t e d  a t  e v e r y  p o i n t  where t h e  
s t r a i g h t  l i n e  s e g m e n t s  j o i n  t o g e t h e r .  
If the pa rabo l i c  mode l ,  or a S p l i n e  or H e r m i t e  i n t e r p o -  
l a t i o n  f o r m u l a  were used to  compute t h e  i n t e r p o l a t e d  v a l u e s  
of  speed  of  sound  (plus  wind  component) a t ,  say  10 ,  or 100, 
or 1000 ,  i n t e rmed ia t e  po in t s ,  and  i f  a l i n e a r  layer model 
were used w i t h  i n t e g r a t i o n  o v e r  these i n d i v i d u a l  f i n e l y  d i v i d e d  
l aye r s ,  t hen  an  approach  wou ld  be made t o  the r e s u l t s  o f  u s i n g  
the pa rabo l i c   mode l   r ay   t r ac ing   t echn ique ,  However,  even i n  
t h i s  case there are some ob jec t ions  because  o f  the lack of 
c o n t i n u i t y  o f  t he  s l o p e  o f  the speed of sound as  a f u n c t i o n  
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of height. When the  calculations  are  carried  out on a fine 
enough  scale, (i.e., very  small  angle  increments)  the 
irregularity of the  relation r=r(q ), r=distance to ray 
return, qo = initial  elevation  angle  would  show up.  Nothing 
will  eliminate  these  except  treating  the  parabolic  model  in 
the  proper sense; of  using  the  interpolation  parabola  in  the 
important  radical of the  integrand. 
0 
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2 .  Amplitude  Intensity  along  a  Ray 
The amplitude  of  sound  intensity as a  modification of 
spherical  spreading is determined  by  the  focusing  factor, f, 
where I is the  intensity  due  to  spherical  spreading  from 
a  sound  source  at 0 to  a  receiver  location  at P where  the 
distance  R  is  that  of  the  line OP while the  distance r is the 
distance  between  the  projections  of 0 and P on the  horizontal 
plane. cpo is the  inclination  of  the  ray  at 0 and cp is the 
inclination  at P. 
SPh 
P 
The term a r / a q o  in the  focusing  factor  makes it impos- 
sible  to  say  anything  about  sound  intensity  from  the  geometry 
of  a  single ray; it  takes  at  least  two rays to  calculate o r  
estimate a r / a q o .  On the  other  hand,  the  value  of ar/acpo may 
be  calculated  in  the  same  manner as the  ray  itself.  When 
this  is  done  then  both  the  ray  geometry  and  intensity  along 
the ray  are  known  simultaneously. This kind  of  information 
is needed  if  the  ray  tracing  technique is to  be  modified  to 
take  into  account  the  effect of caustics and  foci  on  the  ray 
paths  since  modification is required  only  at  those  levels or 
regions  where  the  focusing  factor  changes  rapidly (o r  becomes 
exceedingly  large). 
The following is an abbreviated  analysis  of  some  aspects 
of  the  calculation  of  this  factor. 
The basic  ray  equations  in  the  form 
dx/dt = c COS cp +U 
dz/dt = c  sin (D 
and  Snell's  law  in  the  form 
c/cos  cp+u = co/cos (b 
' 0  
+ uo = K = constant (2 )  
lead to the  integral  for  the  ray  displacement  in  the  horizontal 
when  penetrating a layer  in  the  vertical 
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Z 1 
If the l a y e r  zl,z2 is c o m p l e t e l y  p e n e t r a t e d ,  t h e  phase normal 
i n c l i n a t i o n ,  cp, does not  become zero w i t h i n  the l a y e r  a n d  
the i n t e g r a l  is  p e r f e c t l y   p r o p e r .  If t h e  r a y  is r e f r a c t e d  
earthward w i t h i n  a l a y e r ,  z2 is t h e  l e v e l  a t  which t h e  r a y  
becomes h o r i z o n t a l .  I n  t h i s  case (p(z ) = 0,  and t h e  i n t e g r a l  
is improper.  Under most c i r cums tances  the way i n  which 
~ ( 2 , )  approaches  ze ro  is  s u c h  t h a t  t h e  i m p r o p e r  i n t e g r a l  is  
convergent  and may be e v a l u a t e d  by e lementary  methods. 
(The  except iona l  cases are of no importance as  f a r  as  the 
problem be ing  d iscussed  is concerned) .  
2 
I t  is obvious  t h a t  one may o b t a i n  ar/acp from 
ax2/a'po - axl/aqo by a d d i t i o n  of va lues  th rough  t h e  layers  
penet ra ted .   Us ing  (3) f o r  t h i s  purpose ,  t he  r e s u l t  is 
2 z2 
a ~ ~ / a c p ~ - a x ~ / a ~ ~  = -(cosincpo/cos cpo) j- [(c+ucoscp)cos 2 2 3  cp/c s i n  cp]dz 
Z 1 
(4)  
where u s e  has been made of 
acp/acpo = c sincpocos (D/C sim COS ~p 2 2 0 0 
f rom  (2) .  The i n t e g r a n d  may a l s o  be expressed  a s  
2 2 3  3/2 (C+U c0scp)cos cp/c s i n  cp = K c / [ ( K - u ) ~ - c ~ ]  . (6) 
As long as  t h e  r a y  p e n e t r a t e s  t h e  l a y e r  ( z l , z 2 )  t h e  
i n t e g r a l  (4)  is proper  and is e v a l u a t e d  w i t h  no d i f f i c u l t y .  
When z2 is t h e  l e v e l  a t  which t h e  r a y  becomes h o r i z o n t a l ,  t h e n  
0 = 0 a t  t h a t  l e v e l  a n d  t h e  i n t e g r a l  is improper a t  the upper  
l i m i t .  I t  is r e a d i l y   s e e n   f r o m  (6), i f  (dc/dz)+(du/dz) is 
not  zero a t  the l e v e l  z2, that  siw approaches  zero p ropor t ion -  
a l l y  t o  (z2-z)   and  consequent ly '  t h e  i n t e g r a n d   b e h a v e s   l i k e  
( ~ ~ - 2 ) ~ ' ~ .  T h i sm e a n s   t h a t   t h e   i n t e g r a l  is d i v e r g e n t .  
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Another i t e m  tha t  n e e d s  c o n s i d e r a t i o n  is the fact  tha t  
a t  the crest of the. r a y ,  the va lue  o f  z2 is dependent on qo. 
In other words, the p r o c e s s  of d i f f e r e n t i a t i n g  u n d e r  the 
i n t e g r a l  s i g n  t o  o b t a i n  (4) is no l o n g e r  v a l i d .  T o  a v o i d  
the d i f f i c u l t i e s ,  the process is s tar ted anew fo r  a ray that  
becomes h o r i z o n t a l  a t  z2.  Let e = z2-E and  cons ider  the 
l i m i t  f o r  E - 0. Then 
* 
= 
( 7 )  
1 i m  
€40 {cosincpo/cos cp(c+u coscp)/c s i n  cpldz. 
2 2 -3 - 
Since  z2 = z2(qo)  is g iven  by S n e l l ’ s  Law i n  the form 
c(z2) + d e 2 )  = co/cos ‘Po + uo 
t h e n  
az2/a’p0 = Cco/(c‘+ u’)]sincpo/cos cpo 2 
and replace az,/acpo by its limit, az2/acpo so that  t he  expres-  
s i o n  becomes 
* 
- 
E - 0  lim t r[ cos2@  (c+u coscp) /c 2 ~ i n - ~ c p ]  dz+ { (u+c c o q )  /c ‘+u‘.) c simp} 
1 
z* 
The las t  e x p r e s s i o n  c o n t a i n s  t w o  terms that  become large i n  
the l i m i t  f o r  E .  L e t  t h e  i n t e g r a l  e x p r e s s i o n  i n  the above 
be i n d i c a t e d  by I. If the  v a r i a b l e  of i n t e g r a t i o n  is changed 
from z t o  cp, t h e n  
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and 
The las t  e x p r e s s i o n  may be i n t e g r a t e d  by p a r t s  t o  g i v e  
where, i n  t h e  second term on the  r i g h t ,  z has been  r e s to red  
a s  t h e  pa rame te r   o f   i n t eg ra t ion .   Then   ca r ry ing   ou t  t h e  d i f -  
f e r e n t i a t i o n  w i t h  r e s p e c t  t o  z i n  t h e  in tegrand  on  t h e  r i g h t  
Z 
+ s 2[coSq(c”+uucoscp)/c  sincp(c’+u’coscp)  2 Idz}. 
Z 1 
The f i n a l  limit t o  be eva lua ted  then  becomes ax2/acpo-axl/acpo = 
[c sincp/cos cp] 2 l i m  E-0 (A-B+C-D) 
where 
A = [(u+c  coscp)/c(c‘+u’)sincp] * , 
z 
B = [ (co+uocosqo/cosqo] [coscp/c(c’+u ‘coscp)sincp] , 
z* 
D = ~ z * c o q p ( c ” + u ” c o s q ) / c   s i n  2  q(c’+u‘coscp)dz. 
1 
I 
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I t  may be r e a d i l y  v e r i f i e d  t h a t  lim (A-B) = 0 so t h a t  t h e  
f i n a l  r e s u l t  is 
€40 
I n  t h e  a b o v e  t h e  i n t e g r a l  is convergen t  p rov ided  tha t  t he  
denominator  fac tor  c ’+u’cosg  is no t  ze ro .  
Ano the r   fo rmula t ion   fo r  (8) is 
- i:2{ K(  K-u) [ (K-u) cN+cun]  /[ ( K-U) c ‘+cu”] [ ( K-U) -c ]}dz 2 2 2  
where K is the S n e l l ’ s  Law constant  f rom (2 )  and the e x p l i c i t  
dependence  on  u=u(z) and c=c(z)  as f u n c t i o n s  of a l t i t u d e  is 
shown. 
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3. Remark on Linear   Layer-Models  ~ - - - . . . - 
For t h e  case u ( z )  = 0,  t h e  form 
throws a s i g n i f i c a n t   l i g h t   o n   t h e   r a y - t r a c i n g   m e t h o d .  We 
h a v e  p o i n t e d  o u t  p r e v i o u s l y  t h a t  i n  t h e  “ l i n e a r  l a y e r ”  mode l  
t h e  d e r i v a t i v e  a r / a K  h a s  a n  i n f i n i t e  d i s c o n t i n u i t y  a t  each 
p o i n t  where t h e  “ l i n e a r  l a y e r ”  model changes  s lope ,  i . e . ,  
a t  e a c h  d a t a  p o i n t .  
Cons ide r  t he  case i n  w h i c h  t h e  r a y  is r e f l e c t e d  a t  
l e v e l  z3 and le t  l e v e l s  z2 be a data l e v e l .  Then 
and ,  on  ca r ry ing  ou t  an  in t eg ra t ion  by p a r t s  f o r  t h e  f irst  
term a l o n g  l i n e s  o u t l i n e d  i n  t h e  p r e c e d i n g  s e c t i o n s ,  o n e  
o b t a i n s  
a(r3-r l ) /aK = K/m 12 -Iz + ( l / m 2 , - l / m 1 2 ) K / ~ ~ ~ ]  
1 
= A+B-C-D 
where A ,  --- , D  i n d i c a t e  t h e  terms o n  t h e  l i n e s  a b o v e  i n  o r d e r .  
The symbols m12 and mZ3 s t a n d  f o r  c ’  i n  l a y e r s  ( z l , z 2 )  a n d  
( ~ 2 9 ~ 3 )  - 
For a l i n e a r  layer model, c’’ E 0 and m12, m23 a r e  
c o n s t a n t s ,  g e n e r a l l y  d i f f e r e n t .  I n  t h i s  model, C = D = 0. 
S i n c e  t h e  v a l u e  of K is  associated w i t h  c ( z 3 )  d i r e c t l y ,  
K=c(z3), so  t h a t  f o r  z3 4 z2, t h e n  K -’ c2 a n d  s i n c e  g e n e r a l l y  
- 17 - 
m12 m23 so that  B -. f m depending  on t h e  s i g n   o f  m12 - m23. 
For t h e  parabol ic  model  (or any model w i t h  s u f f i c i e n t l y  
smoothly turning tangent)  one must  note  that  m23 is no 
longe r  a cons tan t  and  that  m12 = c6, i . e . ,  the s l o p e  of c(z) 
a t  z2. Then  one may write (parabol ic   model )  
m23 = c;1 + c i  (z,-2,) + --- 
and note  tha t  
K = K(z3)  = c2 
= /2C2C;1(Z3-Z2)+ --- . 
\ 
s o  t h a t  lim B=O. Also  D -, 8 so  
are  A-C w 1c is  e x a c t l y  t h e  same ZifT'Zg 
tha t  the only  terms l e f t  
a s  the e x p r e s s i o n  f o r  
a ( r2 -a r l ) / aK  g i v e n  i n i t i a l l y .  The cu rve  r(cpo) or r ( K )  is 
then one w i t h  a con t inuous  t angen t  a t  the r o u t i n e  data p o i n t s  
where t h e  s lope   o f  the cu rve  c(z) is not  zero. A t  t h e  p o i n t s  
where c ' (z)  = 0 t h e  d i s t a n c e  r(q ) becomes large wi thout  
bound and t h e  above co a n a l y s i s  is  meaningless .  
0 
I n  t h e  more g e n e r a l  c a s e  where wind component is a l s o  
cons idered  t h e  a n a l y s i s  is essent ia l ly   unchanged.   Thus,   one 
would o b t a i n  
a (r3-r l ) /aK = {K(K-u)/[ ( K - u ) c ' + ~ u ' ] ~ ~ ] ~  
1 
+ {K(K-u)/[ (K-u)c'+cu'],,/(K-u) 2 "c - ~ 2  ]z,+ 
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where A,---,E denote  the  corresponding  terms in shorter 
form. The symbols z2- and z2+ indicate  that  the  expressions 
are  evaluated  at z2 but in the  first  case  with c'and u' 
evaluated  from  below z2 but in the  second case  from  above 
c and  u  have  the  same  value  at z2 whether  approached  from 
above or below. The Snell's  law  constant, K, is dependent 
on the  reflection  level, z 3 ,  from  K = c(z3) + u(z3). Then 
2 '  
C-B = (K-U)c; + CU~] -l/[  (K-U)C' + CU'] - ] 
where Q = K(K-u)/[  (K-u)cl + cull[  (K-u)c' + cu'] - . It' is 
readily  seen  that  if  K - c+u, i.e., z3 4 z2, the  large  term 
in  the  numerator  becomes c[c' + u') - (cl + u')] which  will 
be non zero if  the  curve  for c(z) + c(z) has  a  discontinuous 
tangent at'z2 (a data  point on a "corner"). At the  same  time 
the  radical in the  denominator  becomes  large  without  bound. 
The result is that  the  derivative  of  the  curve r(q ) or r(K) 
has an infinite  discontinuity  for  values  of cp or K  corres- 
ponding  to  reflection  at  the  level z2.
- - + 
0 
0 
Similarly, if  the  curve c(z)+u(z) has  a  sufficiently 
smoothly  turning  tangent  at z2 the  numerator  will  approach 
zero more  rapidly  than the  denominator so the  result is 
1  im 
3 2  
(C - B) = 0 .  z -12 
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4.  Loca t ion   o f   Caus t i c s   A lo f t  
a )  C a l c u l a t i o n  o f  ax/acPo fo r   Success ive   Ground   Re f l ec t ions  
I n  t h e  usual  method of ray  computa t ion  t h e  h o r i z o n t a l  t r a v e l  
of t h e  r a y ,  x2-xl, i n  t h e  l a y e r  zl, z2 is ca lcu la t ed  and  added  
t o  the sum of p r e v i o u s   d i s t a n c e s   t r a v e l e d .  The r e s u l t  is t h a t  
on ly  t h e  t o t a l  t r a v e l  o f  t h e  r a y  is a v a i l a b l e  a t  any  l eve l ,  
s a y  zn, i .e . ,  on ly  xn-xo.  The r a y  is computed t o  t h e  ref lec- 
t i o n  l e v e l  a n d  t h e n  its d i s t a n c e  is doubled t o  g e t  t h e  p o i n t  
of r e t u r n  of t h e  r a y  t o  t h e  ground. To l o c a t e  t h e  p o s i t i o n  o f  
c a u s t i c s  a l o f t  i t  is n e c e s s a r y  t o  r e t a i n  i n t e r m e d i a t e  s t e p s  i n  
s t o r a g e  so t h a t  t h e  whole process of the r a y  t r a v e l  is a v a i l -  
ab l e  and  t o  a l s o  k e e p  t r a c k  of axn/aCpo a t  t h e  same t i m e .  T h i s  
is e s p e c i a l l y  t r u e  for t h e  descend ing  pa r t  of t h e  r a y  w h i c h  is 
u s u a l l y  n o t  c a l c u l a t e d  a t  a l l .  The f o l l o w i n g   s t e p s   a r e   r e q u i r e d  
f o r  l o c a t i o n  o f  c a u s t i c s .  
L e t  zn be t h e  a l t i t u d e  o f  t h e  t o p  o f  t h e  l a y e r  w i t h i n  
w h i c h  r e f l e c t i o n  o c c u r s .  Then by a d d i t i o n   o f   s u c c e s s i v e   l a y e r s  
t h e  f o l l o w i n g  t a b u l a t i o n  of s t e p s  o c c u r s  
Level  CALCULATED  DIFFERENCES ACCUMULATED SUMS 
Dis tance  D e r  i va  t ive   D s tance   Der iva t ive  
=1 x "x 1 0  ax1/aCp0 xl-xo ax1/acP0 
22  x2-x1 ax2/aCpo-ax1/aCp0 x2-x0 ax2/aepo 
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The u s u a l  c a l c u l a t i o n  p r o c e d u r e  s t o p s  a t  t h e  l a s t  s t e p ,  t h e  
i n t e r m e d i a t e  s t e p s  b e i n g  d i s c a r d e d ,  a n d  t h e  accumulated sums 
d o u b l e d  ( l a s t  l i n e  o n l y )  t o  o b t a i n  v a l u e s  c o r r e s p o n d i n g  t o  t h e  
r e t u r n  o f  t h e  r a y  t o  t h e  ground. 
The d i s t a n c e  a n d  d e r i v a t i v e  t a b l e s  may be c o n t i n u e d  f o r  t h e  
descending  leg  of  t h e  r a y  a n d  f o r  t h e  r a y  a f t e r  s u c c e s s i v e  
r e f l e c t i o n s   f r o m  t h e  ground.  For t h e  descend ing   l eg   o f  t h e  r a y ,  
t h e  symbols  x‘and z ’wi l l  be u s e d .  Thus a t  t h e  i ‘ t h  l e v e l ,  on  
descent,  z’ t h e  d i s t a n c e  is i’ 
XI-x = 2(x*-xo) - (xi-xo) i o  
and t h e  d e r i v a t i v e  is 
After k r e f l e c t i o n s  from t h e  ground t h e  d i s t ance  on  t h e  
a scend ing  l eg  is 
k ~ i - ~ o  = 2k(x*-xO) + (xi-x0) (1  1 
and t h e  c o r r e s p o n d i n g  d e r i v a t i v e  is 
w h i l e  for t h e  descend ing  l eg  t h e  d i s t a n c e  is 
k ~ ; - ~  0 = 2 ( k + l )  (x,-xo) - (xi-xo) (3 ) 
and its d e r i v a t i v e  
For k=O, t h e  r e s u l t s  for t h e  i n i t i a l  r a y  a r e  o b t a i n e d .  When 
k=l ,   2 , - - - ,   one  obtains  t h e  r e s u l t s  f o r  t h e  f i r s t ,  s e c o n d ,  e t c . ,  
r e f l e c t i o n s  of t h e  r a y  by t h e  ground. 
- 2 1  - 
b) Loca t ion  of P o i n t s  ax/acpo = 0 Along t h e  Ray (Arithmetical 
Example - 
The problems involved  in  loca t ing  t h e  p o i n t s  ax/acpo = 0 
may be i l l u s t r a t e d  by a n  ar i thmetical  example.   Consider t h e  
case of d u c t e d  r a y s  a l o n g  t h e  ground from t h e  speed of sound 
p r o f i l e  c = co + poz. The c i r c u l a r  arcs  for  t h e  r a y s  a r e  g i v e n  
by the equa t ion  
which  may be s o l v e d  f o r  x t o  g i v e  
The - s i g n  c o r r e s p o n d s  t o  t h e  ascending  leg  of  t h e  r a y  w h i l e  
t h e  + s ign   co r re sponds  t o  t h e  descend ing   l eg .  k = 0 corresponds  
t o  t h e  r a y  before g r o u n d  r e f l e c t i o n ,  k = 1 a f t e r  one ground 
r e f l e c t i o n ,  e t c .  Only t h e  a r c s  f o r  w h i c h  x 2 0 and z 2 0 a r e  
considered.   Holding z c o n s t a n t  a n d  d i f f e r e n t i a t i n g  w i t h  r e s p e c t  
t o  K ,  t h e n  
T h i s  is c o n v e r t e d  i n t o  ax/acpo by t h e  r e l a t i o n  
The above corresponds t o  t h e  v a l u e s  of ax/acpo t h a t  would be 
c a l c u l a t e d  by t h e  r a y  t r a c i n g  i n t e g r a l s  a t  t h e  f i x e d  l e v e l s  
z when f i x e d  v a l u e s  of z a r e  s u b s t i t u t e d  i n  t h e  l a s t  term. i 
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The p o i n t  of r e f l e c t i o n  a t  t h e  t o p  of t h e  r a y ,  x*, is 
given by 
so t h a t  t h e  displacement  of  t h e  r e f l e c t i o n  p o i n t  w i t h  r e s p e c t  
t o  CP, is 
Th i s  is t h e  first term of t h e  e x p r e s s i o n  f o r  ax/acpo, Equat ion  
(8). The e x p r e s s i o n  f o r  ax/aepo t h e n  c o n s i s t s  o f  two p a r t s ,  t h e  
first term c o r r e s p o n d i n g  t o  t h e  r a t e  of x-displacement  of  t h e  
c e n t e r  of t h e  c i r c u l a r  a r c s  a n d  t h e  r a t e  of change of t h e  x- 
coord ina te  o f  these arcs  a s  ref lected by t h e i r  change  of  rad ius ,  
nega t ive  on  t h e  up-leg and posi t ive on t h e  down-leg. 
T h i s  l a s t  term of ax/acpo becomes la rge  wi thout  bound a s  
z approaches (K-co)/po, t h e  r a y  crest  ( r e f l e c t i o n  l e v e l ) .  
Now consider t h e  ray   on  t h e  first ascend ing   l eg .  Here 
and 
For t h e  cor responding  leve l  on  t h e  descending  leg ,  denoted  by 
# 
aX'/aCPo = (K2/Copo) 1 + d T / p o  [ (K/co) 2 -(z+co/po) 2Jh 
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so t h a t  
If s u c c e s s i v e  a s c e n d i n g  a n d  d e s c e n d i n g  l e g s  a r e  c o n s i d e r e d ,  
k > 0, t h e  above would become 
where now (ax,/aCpo)o r e f e r s  t o  t h e  i n i t i a l  r a y  f o r  w h i c h  k = 0,  
w h i l e  ax'/aCpo and ax/arPo r e f e r  t o  k 2 0 ( i n i t i a l  or ground 
r e f l e c t e d   r a y s ) .  
The a l g e b r a i c  s o l u t i o n  f o r  t h e  c a u s t i c  i n  t h i s  p a r t i c u l a r  
example is reasonably   e lementary .  L e t  ax/acpo = 0 so  t h a t  
from which  i t  f o l l o w s  t h a t  
(only t h e  pos i t i ve   roo t   has   mean ing   fo r   ou r   p rob lem) .  The 
cor responding  x-coord ina te  is obtained from t h e  o r i g i n a l  
e q u a t i o n s  
x = (2k+l)I/K2-cO2/pO2 -dK2-c 0 2/po  (2k+l) 
or 
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where  only t h e  nega t ive  roo t  has  phys i ca l  mean ing  fo r  t h i s  
problem. 
The a b o v e  a r e  p a r a m e t r i c  e q u a t i o n s  f o r  t h e  x,  z c o o r d i n a t e s  
of t h e  c a u s t i c s  i n  terms of t h e  parameter  K .  For t h e  o r i g i n a l  
r a y s ,  k = 0, there a r e  no c a u s t i c s  b u t  f o r  k 2 1, there is one 
parameter   fami ly   o f   caus t ics ,  K as   pa rame te r .  A l l  of t h e  
c a u s t i c s  l i e  on t h e  ascending  legs  of  t h e  r a y s  a f t e r  r e f l e c t i o n  
a t  l e a s t  o n c e  f r o m  t h e  ground. 
- 25 - 
c )   Caus t i c s   f rom t h e  Genera l  Ray Method 
In  a p p l i c a t i o n  t o  t h e  p r a c t i c a l  r a y - t r a c i n g  p r o b l e m  the 
p r e c e d i n g  a l g e b r a i c  r e l a t i o n s  a r e  n o t  a v a i l a b l e  a n d  t h e  only 
r e c o u r s e  a v a i l a b l e  is t h e  sequence of  values  for  akXi/aPPo, 
a xti/aCPo. For t h e  v a r i o u s  l e v e l s  i = 0,1,----   and  for  t h e  
s e v e r a l  g r o u n d  r e f l e c t i o n s  k = 0,1,--- .  It would seem reason-  
a b l e  t h a t  a l l  t h a t  is r e q u i r e d  is t o  i n s p e c t  t h i s  sequence  of 
v a l u e s  f o r  a  change  of  sign.  That t h i s  is no t  t h e  case  is 
i l l u s t r a t e d  by t h e  preceding   a lgebra ic   example .  The equa t ions  
a r e  
Ascending  leg : 
- " ~~ . . 
k 
R e f l e c t i o n  P o i n t :  
Descending Leg : 
Consider what happens when z ranges from 0 t o d K  -co /po=z* 2 2  
and  back t o  z e r o  f o l l o w i n g  a - s i n g l e  r a y  (K f ixed )  th rough  its 
v a r i o u s   r e f l e c t   i o n s  :
I n i t i a l  r a y ,  k = 0 :  
t o  2K 2 /copo 
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F i r s t  R e f l e c t i o n ,  k = 1 
Ascending, 0 t o  z*, alX/aCpo decreases  f rom 2K /copo2 t o  2 
- OJ .(A root for some z on t h i s  range)  
x /avo = 3K /copo Crest, z = zs, 2 a l  * 
Descending, z* t o  0 ,  alx'/aV0 dec reases  from + OJ 
t o  4 K  2 /cowo 
Second Ref lec t ion ,  k = 2 
Ascending, 0 t o  z*, a2x/aCpo dec reases  from 4K /copo 2 
t o  - OJ (A r o o t  f o r  some z on t h i s  range)  
The s i t u a t i o n  is i l l u s t r a t e d  i n  F igure  1 where  z is cons ide red  
a s  a p e r i o d i c  v a r i a b l e .  
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DESC , 0 
I ARBITRARY PARAMETER - 
FIGURE 1. The derivative, ax/acpo, expressed as a function of 
an arbitrary  parameter that increases indefinitely while  altitude 
oscillates  between 0 and z. Lower part shows  variation of z 
from 0 to z* and back again. Upper part shows the infinite dis- 
continuity of ax/acp at the points  where z=z*. 
0 
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I n  terms of t h e  r a y  t r a c i n g  i n t e g r a l s ,  o n e  e v a l u a t e s  f o r  
t h e  o r i g i n a l  a s c e n d i n g  r a y  - 
Z i-1 
- [z* I K (K-U! [ (:it)* 
3 (k-u)e  +c  (K-U) -C 
Z n-1 
and a l l  o t h e r  v a l u e s  o f  akxi/aCPo and akx*/aCPo a r e  computed i n  
terms of these v a l u e s  by t h e  r e c u r r e n c e  r e l a t i o n s  o f  t h e  
p r e v i o u s   s e c t i o n .  The first of  t h e  above  expressions  becomes 
l a r g e  w i t h o u t  bound i f  zi approaches z*, t h e  r e f l e c t i o n  l e v e l ,  
c o r r e s p o n d i n g  t o  t h e  behavior  of  t h e  z-dependent term i n  t h e  
e x p r e s s i o n   f o r  ax/aCPo of our elementary  example.  The f i n i t e  
c h a r a c t e r  o f  t h e  second term of t h e  second express ion  above  
c o r r e s p o n d s  t o  t h e  term independent  of  z i n  t h e  e lementary  
example, 
T h e  basic problem is t h a t  i n s p e c t i o n  o f  t h e  sequence of 
v a l u e s  f o r  a change of  s ign of akxi/aVo is compl ica ted  by t h e  
f a c t  t h a t  t h i s  s e q u e n c e  a l s o  c o n t a i n s  terms t h a t  a re  from a 
f u n c t i o n  t h a t  has a n  i n f i n i t e  d i s c o n t i n u i t y  a n d  s i g n  c h a n g e  
a t  each r e f l e c t i o n  l a y e r  a l o f t ,  b u t  a t  t h a t  l a y e r  t h e  f i n i t e  
va lue  akx*/aCpo has b e e n   s u b s t i t u t e d .   S i n c e  t h e  sequence is 
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a t  r easonab ly  wide  spaq ing  o f  l eve l s  z i ,  it is q u i t e  l i k e l y  
t h a t  no a p p r o p r i a t e  s i g n  c h a n g e  w i l l  a p p e a r  e x p l i c i t l y .  To 
l o c a t e  t h e  s ign  change  it w i l l  t hen  be  necessa ry  to  make u s e  
of t h e  f a c t   t h a t   a x n  - 1/ avo- 4 Q) . 
The i n t e g r a l  e x p r e s s i . o n  f o r  t h e  d e r i v a t i v e  d i f f e r e n c e  
may be w r i t t e n  a s  
where Fo is a su i t ab le  ave rage  va lue  fo r  t he  s lowly  va ry ing  
f a c t o r  of t h e  i n t e g r a n d .  If c  (z)+u  (z) = A+B(z-z# )~ ,  t he  in t eg ra -  
t i o n  may be c a r r i e d   o u t   e x p l i c i t l y .  The i n t e g r a l s   i n v o l v e d  
may be reduced by c o n s i d e r i n g  t h e  two c a s e s :  
B > O , K - A > O , z > z n l  - > z# 
1/(K-A) < (z-z,)/ [ (K-A)/B- ( z - z # ) ~ ] *  
F o r  t h e  o t h e r  p o s s i b l e  c a s e s ,  t h e  r a y  w o u l d  n o t  h a v e  a  r e f l e c t i o n  
l e v e l  i n  t h e  l aye r  ( zn  - 1, z n ) .  
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We are now ready  t o  c o n s i d e r  t h e  sequences ,  i = 1, --- ? n-1, 
alrxi/arpo: ascending  a f t e r  k g r o u n d   r e f l e c t i o n s  
akx i/arpo: descending a f t e r  k g r o u n d   r e f l e c t i o n s  I 
for  t h e  p o s s i b l e  l o c a t i o n  o f  c a u s t i c s .  
If either s e q u e n c e  e x h i b i t s  a change  of  s ign ,  t h i s  l o c a t e s  
t h e  caus t ic  be tween t h e  t w o  l e v e l s  a d j a c e n t  t o  t h e  s ign  change  
a n d  n o  f u r t h e r  a n a l y s i s ,  e x c e p t  t h a t  i n t e r p o l a t i o n  for c o o r d i n a t e s ,  
is r e q u i r e d .  
If no  change of s i g n  o c c u r s ,  n o t e  t h e  va lue  of  t h i s  
d e r i v a t i v e  a t  t h e  r e f l e c t i o n   p o i n t ,  akx*/dCPo. If akx*/acPo > 0, 
t h e  c a u s t i c  may be located on t h e  a scend ing  leg of t h e  r a y  be- 
tween t he  l e v e l  zn - l and t h e  r e f l e c t i o n   l e v e l  z* .  One  now 
ex tends  t h e  s e q u e n c e  i n t o  t h e  l a y e r  (z  z*) by adding one 
or t h e  o t h e r  of t h e  i n t e g r a l s  a b o v e  t o  t h e  sequence t o  o b t a i n  
n-1 ? 
set t h i s  e x p r e s s i o n  t o  zero, a n d  s o l v e  f o r  z 
The e x p r e s s i o n s  f o r  I ( z )  are of t h e  form 
I ( z )  = a (z-z,)/ or a (z-z ) /  # 
so one  has ,   for   example,  
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so  t h a t  
If a x /aCpo < 0, then t h e  c a u s t i c  is s u s p e c t e d  t o  l i e  on k *  
t h e  descend ing   l eg .  The i n t e r p o l a t e d   v a l u e   f o r  t h e  l e v e l   o f  
t h e  c a u s t i c ,  z ,  
akx'/aqo = 
i n  t h e  same way 
The co r re spond ing  va lues  o f  x for t h e  c a u s t i c  c a n n o t  be 
accura t e ly  de t e rmined  f rom in t e rpo la t ion  f rom z ~ - ~  t o  z* u s i n g  
l inear   methods .  The r a y s  t r a v e l  a l o n g   d i s t a n c e  i n  l e v e l  
(zn-,,z:). A better va lue   o f  x may be obtained  from t h e  
o r i g i n a l  i n t e g r a l  e x p r e s s i o n s  f o r  h o r i z o n t a l  t r a v e l  u s i n g  t h e  
z v a l u e  a t  t h e  c a u s t i c  f r o m  t h e  above  ana lyses  a s  t h e  upper 
l i m i t .  
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5. Comparison of Focus   Fac to r s  . . for a n  ~ I d e a l  .~ Example -
a. The  Example 
Consider  a two l aye r  a tmosphe re  in  wh ich  the  speed  
of sound is c o n s t a n t  coy through a d e p t h  n e x t  t o  t h e  ground 
and above the l a y e r  i n c r e a s e s  w i t h  a c o n s t a n t  ra te  dc/dz.  
The sound propagation w i l l  take p l a c e  i n  s u c h  a way that 
there w i l l  be   focus ing .  The basic r e l a t i o n s  are  t a b u l a t e d  
w i t h o u t  d e r i v a t i o n .  
The d i s t ance  f rom t h e  s o u r c e  t o  t h e  p o i n t  a t  which 
t h e  r a y  r e t u r n s  t o  t h e  ground, r ,  is given by 1) 
ar/2N = t a n  ‘p + p / t a n  a. 
0 (1) 
p = a H  = (H/co)(dc/dz) (2) 
a = ( l /co)   (dc /dz)  (3 1 
and where cp is  the  i n c l i n a t i o n  a n g l e  of the i n i t i a l  r a y  a n d  
N is one  more  than the  number o f  r e f l e c t i o n s  f r o m  the ground. 
The l o c a t i o n  o f  t h e  f o c u s  is ob ta ined  f rom the  ze ro  o f  d r /dq  
S ince  
0 
0‘ 
a(dr/dqo)/2N = ( t a n  2 ‘po-p)/sin 2 qo (4)  
t h e  i n c l i n a t i o n  a n g l e  f o r  r a y s  a t  t he  f o c u s  is g iven  by 
‘p* = t a n - l s  (5) 
and t h e  d i s t a n c e  t o  the  f o c u s  is  
r*= 4Nfi/a = 4 N H / f i  . 
The f o c u s i n g  f a c t o r  a t  any  d i s t ance  a t  w h i c h  r a y s  r e t u r n  is 
g iven  by 
f = ( t a n  q o + p ) / ( l + t a n  q o ) ( t a n  q 0 - p )  2 2 2 (7) 
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Whether r a y s  r e t u r n  a t  a g i v e n  d i s t a n c e  r is determined by 
s o l v i n g  (1) for qo 
which mus t  have  pos i t i ve  va lues .  
If d i s t a n c e  is e x p r e s s e d  i n  terms of the  height  of the 
u n i f o r m  l a y e r ,  H, s a y  5 = r / H ,  then' the  above  r e l a t ions  con-  
t a i n  o n l y  the parameter  p i n s t e a d  of both a and p 
If the r o o t s  of ( 8 )  or (8a) are i n d i c a t e d  by tampl  and 
tar4p2, then  a t  t h i s  d i s t a n c e  t w o  r a y s  r e t u r n  so  t h a t  t h e  sound 
i n t e n s i t i e s  are added   ( incoherent   no ise  is assumed). The 
t o t a l  i n t e n s i t y  w i l l  i nvo lve  the sum of the i n d i v i d u a l  f o c u s  
f a c t o r s  which w i l l  t hen  be g i v e n  as t h e  sum 
f = f  + f a  1 
where t h e  r i g h t  hand terms are from ( 7 )  us ing  both  of  the 
r o o t s  of (8) o r  (8a). 
F o r  r e f e r e n c e  l a t e r ,  the s e c o n d  d e r i v a t i v e  d r/dpz is 2 
t a b u l a t e d  here 
d r / d q i  = (4N/a)[cos cpo(tan qo+p)/tan q, ] .  (9) 2 4 3 
The he ight  of p e n e t r a t i o n  of a r a y  i n t o  the uppe r  l aye r  
is of some i n t e r e s t  i n  c o n s i d e r i n g  the p h y s i c a l  l i m i t a t i o n s  
that  are invo lved .   Th i s  is 
Z-H = (H/p) [ sec<po-l] (10) 
T h e  c o n d i t i o n s  f o r  t h e  p h y s i c a l  r e a l i t y  of the t r ea tmen t  
are g i v e n  by 
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(The f i r s t  c o n d i t i o n  is s t r o n g e r  t h a n  t h e  s e c o n d ,  i f  i n  t h e  
f i r s t  the f a c t o r  is t h e   f a c t o r   i n  t h e   s e c o n d  is 10 .) +3 
b. The F i e l d  Near t h e  Focus 
The r a t i o  of t h e  f i e l d  a t  t h e  c a u s t i c  t o  t h a t  a t  t he  
2 )  same p o i n t  i n  a n  homogeneous medium is g iven  by  
S=v(o)2 5/6 R exp{ i [~ /4+w(g~) -k~R]3fkron(z ) tancp  0 s i n q  ]*[a2r/ac2]  
P 
(9) 
and w e  c o n s i d e r  o n l y  t h e  f o c u s  or t h e  i n t e r s e c t i o n  o f  t h e  
c a u s t i c  w i t h  the ground.  Then R = r ,  ( p p ~ o ,  n (z )= l   and  t h e  
f o c u s i n g  f a c t o r  
f = [v/o 2 
whence 
is  g iven  by 
f = Is1 2 
The va lue   o f   v (o )  is 0.62927 = , , / ~ / 3 ~ / ~ ~ ( 2 / 3 ) .  The independent  
v a r i a b l e ,  5 ,  is g iven  by 51 = k cosq The s e c o n d   d e r i v a t i v e  
is obtained from 
0 0' 
where 
acpo/ag = - l /koSinqo 
2 2 a cpo/ag = - coscpo/kosin cpo 2 -3 
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s o  t h a t  
a 2 r / a e 2  = [ s i n p o ( a  2 r / aqo)  2 - cosqo(ar/acpo)]/kosin 2 -3 qo ( l l b )  
S i n c e  t h e  d e r i v a t i v e  is e v a l u a t e d  a t  a focal  poin t  where  
ar/acpo van i shes ,  
and t h e  focus ing  f ac to r  becomes  
I t  may be r e a d i l y  v e r i f i e d  t h a t  
S u b s t i t u t i n g  i n t o  the above and using the e x p r e s s i o n  f o r  r t o  
e l i m i n a t e  N ,  t h e  f o c u s i n g  f a c t o r  becomes 
1 
f = C(V/O>l 25/3 (korp)"/(  l+p)* 
1 
= 1.2574  (korp)5/(l+p)z 
1 
I t  is  p o i n t e d  o u t  tha t  t h e  f i e l d  i n  t h e  neighborhood  of t h e  
f o c u s  is p r o p o r t i o n a l  t o  v ( t ) / v ( o )  so t h a t  t h i s  f i e l d  is 
t h e n  r e p r e s e n t e d  by 
f ( t )  = f C v ( t ) / v ( o ) l  
2 
where t is the parameter  
t = *2"(ar ) / (a2r /ae)z  
1 1 
T h e  e x p r e s s i o n  i n  the denominator of ( 1 6 ) ,  a s  i n  ( l o ) ,  
comes from (11)  and  (13).   Thus 
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Applying (4) and (13) for  the  particular  atmospheric  conditions 
considered 
In view  of  the  asymptotic  behavior  of (J(a)l, the  fact 
that (Y + 03 for X + 0 and IJ(a)I -, 1 to  give  the  geometric 
approximation  and (Y 4 0 for ‘po -L tan-ldp  (focus) SO that 
(J(a) 12+ f, to  give  the focus  factor  in  Section 2 have  already 
been  noted. 
0 
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B. SOUND INTENSITY FROM A MOVING SOURCE 
" 
The s e v e r a l  s e c t i o n s  o f  t h i s  p a r t  are devoted t o  t o p i c s  
t h a t  p e r t a i n  t o  d e t e r m i n i n g  t h e  g r o u n d  i n t e n s i t y  of sound 
from a moving source .   The   source  is thought   of  as  a launch  
v e h i c l e   f o l l o w i n g  a nea r  ver t ica l  t r a j e c t o r y .  However, s e v e r a l  
e x a m p l e s  f o r  o t h e r  f l i g h t  p a t h s  are u s e d  t o  i l l u s t r a t e  some 
p a r t i c u l a r  p o i n t  w h e r e  a v e r t i c a l l y  r i s i n g  sound source would 
be inconven ien t .  
I n  t h e  f i r s t  s e c t i o n  o n  s h o c k s  a s s o c i a t e d  w i t h  a moving 
s o u r c e ,  the i t e m  of   importance is the  " fo l lowing"  shock  tha t  
is n o t   u s u a l l y   c o n s i d e r e d .  T h i s  s h o c k ,   f o r t u n a t e l y ,  is 
ext remely  weak a t  the f l i g h t  p a t h  i n t e r s e c t i o n ,  b u t  becomes 
s i g n i f i c a n t  w h e r e  i t  j o i n s  t h e  "Mach Conoid ,"  the  sur face  
o f  r e v o l u t i o n  that  would  cor respond to  the  Mach Cone i n  t h e  
u s u a l  c a s e .  
T h e  s e v e r a l  f a c t o r s  that  must be t a k e n  i n t o  c o n s i d e r a t i o n  
f o r  a moving s o u r c e  a re  b r i e f l y  d i s c u s s e d  t o g e t h e r .  Downward 
propagat ion  presents  no  problems here e x c e p t  t h a t  t h e  r a y s  
must reach t h e  ground.  The j e t  n o i s e  is  of  prime  concern  and 
i t s  p ronounced  d i r ec t iv i ty  mus t  be considered which implies  
v e r y  c a r e f u l  c o u p l i n g  o f  t h e  sound  r ay  o r i en ta t ion  and  veh ic l e  
o r i e n t a t i o n .  The s h i f t   i n   f r e q u e n c y   d u e   t o   d o p p l e r   e f f e c t  
is a cons ide ra - t ion  tha t  must be inc luded .   Acous t i ca l   coup l ing  
of t h e  s o u r c e  w i t h  t h e  a i r  would be important  even for a 
s t a t i o n a r y  s o u r c e  i f  there were a s i g n i f i c a n t  d i f f e r e n c e  i n  
e l eva t ion   be tween   sou rce   and   r ece ive r .   S ince   t h i s  is always 
the c a s e  f o r  a v e r t i c a l l y  r i s i n g  s o u r c e  i t  cannot  be overlooked.  
T h e  r a y  t r a c i n g  p r o c e d u r e s  f o r  a moving sound source 
( t h i r d  s e c t i o n )  are e s s e n t i a l l y  t h e  same a s  f o r  a s t a t i o n a r y  
source ,  bu t  the c a l c u l a t i o n  o f  t h e  f o c u s i n g  f a c t o r  is t o t a l l y  
d i f f e r e n t .  T h i s  l i e s  i n  t h e  f a c t  that  f o r  a s t a t i o n a r y   s o u r c e  
t h e  d i f f e r e n c e s  i n  a r r i v a l  t i m e  c a n  be overlooked.  When t h e  
source  is  moving,  correct ions must  be made f o r  a r r i v a l  t i m e  
d i f fe rences .   These   have   been  carried ou t  a s  a p a r t  of t h e  
r a y  t r a c i n g  method as  a d d i t i o n a l   r a y   c o m p u t a t i o n s .   T h e r e  
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are other p o s s i b l e  a p p r o a c h e s ,  b u t  a b a r e  minimum r e q u i r e s  
that  t r a v e l  time must be c a l c u l a t e d ,  a q u a n t i t y  n o t  e s s e n t i a l  
f o r  the s t a t i o n a r y  s o u r c e  case. 
1. Shocks  Associated w i t h  Moving S o u r c e s   i n  a Uniform Medium 
T h e  f o l l o w i n g  s e c t i o n s  are devoted t o  a b r i e f  s u r v e y  o f  
t he  elementary geometry of shock waves from a v e h i c l e  moving 
i n  a s t r a i g h t  l i n e .  The case of uni form  supersonic   mot ion  is 
f i r s t  c o n s i d e r e d  t o  rev iew the b a s i c  ideas.  The case of a 
un i fo rmly  acce le ra t ed  mot ion  more nea r ly  approx ima tes  t h a t  
of a v e r t i c a l l y  r i s i n g  a e r o s p a c e  v e h i c l e .  I n  t h i s  case the  
shock c o n f i g u r a t i o n  t a k e s  o n  a more c o m p l i c a t e d  p a t t e r n .  
Note tha t  throughout  w e  c o n s i d e r  t h e  v e h i c l e  that  carries 
t h e  sound source a s  having no volume so  tha t  w e  are  no t  cons ide r -  
i n g  " s h o c k s "  i n  t h e  u s u a l  s e n s e .  
Shock waves from a moving sound source may be  cons ide red  
a s  the envelope  of the s u r f a c e s  of cons t an t   phase .  . T h i s  
e lementary  concept  starts w i t h  t h e  e q u a t i o n  f o r  the s p h e r e s  
o f  cons t an t  phase  
where t h e  c e n t e r  of t h e  s p h e r e  is l o c a t e d  a t  t he  sound  source 
w i t h  time l a g  T 
where t is the  t o t a l  time concerned.  The r a d i u s   o f   t h e   s p h e r e  
is the speed  of  sound times t h e  l a g  t i m e ,  C T ,  or t h e  d i s t a n c e  
t r a v e l e d  s i n c e  e m i s s i o n .  
If the  f i r s t  e x p r e s s i o n  f o r  s u r f a c e s  o f  c o n s t a n t  p h a s e  
is w r i t t e n  i n  t h e  form 
Then t h e  enve lope  o f  su r faces  of cons t an t  phase  is ob ta ined  
by e l i m i n a t i n g  T between t h e  p a i r  
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To perform  the  steps  required  to  find  the  envelope, 
specific  formulas  for  the  flight  path as a  function  of  time 
are  required. 
a. -- Vehicle . -. - - " Moving  with  Constant  Speed 
~~~ ". - . 
For  a  uniformly  moving  source,  let xs = vt, y, = 0, 
zs = 0 ,  so that 
and 
From (2) 
7 = V(X-Vt)/C "v ) = M(X-Vt)/c(l-M ) 2 2  2 
where  M = v/c. On substituting  into (1) 
(x-vt)  (1-M  )+p2 = 0 .  2 2 
If M -= 1, this  is not  a real  surface.  If M > 1  the  surface 
is the  Mach  Cone. 
b. Vehicle  with  Constant  Acceleration 
2 
". 
For an accelerated  source  xs = at /2, Y, = 0, z s  = 0, 
F(T) = [x-a(t-T) /2] +p -c T = 0 ,  
then 
2 2 2 2 2  (1) 
and 
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and  using (3) i n  (1) 
The p a i r  (3) and (4 )  are p a r a m e t r i c  e q u a t i o n s  o f  t h e  envelope 
i n  t h e  parameter  T .  
D i f f e r e n t i a t i n g  these w i t h  respect t o  t he  parameter, 
and 
I t  is  r e a d i l y  s e e n  f r o m  (4 )  t h a t  the envelope is  r ea l  
on ly  if a(t-7) 2 c which c o r r e s p o n d s  t o  a v e h i c l e  f l i g h t  
t i m e  a t  which t h e  veh ic l e  speed  becomes  supe r son ic  ( t= to t a l  
t i m e ,  T = t r a v e l  time of  sound  wave, t - T  = v e h i c l e  f l i g h t  
t i m e  t o  time of  sound emission) .  
Also from ( 4 ) ,  p=O a t  T ~ = O  and  T2=t-c/a.  In t h e  first 
case t h e  shock is on t h e  vehic le  and  forms an  apex  w i t h  h a l f  
a n g l e  cp where, from (7), 
tancp = c/[a t -C 1 , 2 2   2 *  
c o r r e s p o n d i n g  t o  the Mach a n g l e  f o r  a v e h i c l e  t r a v e l i n g  a t  
t h e  same bu t   cons t an t   speed .   In  t h e  second case ( 7 )  i n d i c a t e s  
that  dp/dx = 00 so t h a t  t h i s  p a r t  of the shock is  pe rpend icu la r  
t o  t h e  f l i g h t  path.  The l o c a t i o n   o f  t h i s  rearward shock, 
from (2 ) ,  is a t  
x = c(  t-c/2a) 
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or its d i s t a n c e  b e h i n d  t h e  v e h i c l e  is 
2 2  x-a t /2 = - (a t -c)  /2a.  2 
Both dx/d.r = 0 and dp/dT = 0 a t  T~ = t - ( c  t /a ) which 2 2 4  
c o r r e s p o n d s  t o  a l o c a l  maximum of p and a l o c a l  minimum of  x ,  
b u t  t h e  e x p r e s s i o n  (7) f o r  dp/dx is w e l l  de f ined  a t  ti118 
p o i n t  a n d  h a s  t h e  v a l u e  
Thus  the  two branches  of the shock meet i n  a cusp  a t  t h i s  
p o i n t .  
The s h o c k  c o n f i g u r a t i o n  is shown s c h e m a t i c a l l y  i n  
F igu re  2. 
Following  shock Curved  equivalent of 
the Mach  Cone r = t-c/a 
x ( r Z )  =c(t-c/Za) 2 t a w  = c / J - T T  
P(Ta) .  = 0 -  
rl= 0 
p(r,) = 0 
x ( T ~ )  = a t  /2 2 
r3 = t-(c t/a ) 2 2 1/3 
x ( r , )  = (=2/a)[(3/~)(at/c)2/3-1~ 
p(T3) = (c2/e)[(at/c)2/3-113/2 
FIGURE 2. Shock  conf igura t ion  for a v e h i c l e  moving 
a t  c o n s t a n t  a c c e l e r a t i o n  i n  a s t r a i g h t  l i n e  
i n  a homogeneous medium. 
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The  shock  s t r eng th  may be measured by the  d e n s i t y  of 
T - p o i n t s   a l o n g   t h e   e n v e l o p e .   T h i s  is accomplished  by 
S = (dT/dS) 2 
where 
I t  is r e a d i l y  s e e n  that  S = m a t  7 = T ~ ,  S = 0 a t  T = T~ and 
S = t /(a t -c ) a t  7 = 0. Thus the  " s t r o n g e s t "  shock is a t  
t h e  cusp  of  t h e  wave enve lope  and  dec reases  t o  z e r o  a t  t h e  
c e n t e r  o f  t h e  rear  b ranch  and  to  a f i n i t e  v a l u e  a t  t h e  
v e h i c l e  l o c a t i o n .  The  wid th   o f  t h e  l i n e  i n  F i g u r e  1 roughly  
r e p r e s e n t s  t h i s  v a r i a t i o n .  
2 2 2  2 
The  shock forward of t he  cusp  t o  t h e  a c c e l e r a t i n g  v e h i c l e  
is formed  from t h e  envelope  of emi t t ed  sound  in  much t h e  same 
way a s  the Mach cone is formed fo r  the v e h i c l e  i n  u n i f o r m  
motion.  (Of  c o u r s e ,  i n  t he  r ea l  case t h e  shock is b a s i c a l l y  
der ived from t h e  a i r  displacement  of  t h e  v e h i c l e  i t se l f  and 
its s t r e n g t h  would depend on vehicle aerodynamics,  but these 
d e t a i l s  are of   no   impor tance   for  the t r ea tmen t  here.) The 
shock tha t  c r o s s e s  t h e  f l i g h t  p a t h  from cusp  t o  cusp  behind  
t h e  a c c e l e r a t i n g  v e h i c l e  is the  envelope of  emit ted sound 
w a v e s  o r i g i n a t i n g  b a c k  t o  the time t h a t  t he  v e h i c l e  first 
became supersonic  and  which have been "out run" by t h e  accel- 
era t i n g   v e h i c l e .  
The expres s ions  summar ized  in  F igu re  2 f o r  a l l  o f  t h e  
g e o m e t r i c  p r o p e r t i e s  of t h e  s h o c k  c o n f i g u r a t i o n  are dependent 
on  only the  t o t a l  f l i g h t  time. While the  v e h i c l e  is 
a c c e l e r a t i n g ,  t h e  p o i n t  where the  f o l l o w i n g  s h o c k  i n t e r s e c t s  
t he  f l i g h t  p a t h  moves only a t  one speed and consequently 
f a l l s  far ther  and   f a r the r   beh ind   t he   veh ic l e .   The   edge  of 
t h e  s k i r t  of t h e  "cone" or c u s p  p o i n t  moves  forward  and 
outward i n  a d i r e c t i o n  n o r m a l  t o  t he  cusp  t angen t  a t  s o n i c  
ve loc i ty .   Consequen t ly  i t  f o l l o w s  the  v e h i c l e  m o t i o n  w i t h  a 
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component less than  t h e  speed  of . sound and  f a l l s  behind even 
more r a p i d l y  t h a n  the "fol lowingft  shock on t h e  f l i g h t  path.  
[Note, t h i s  e l e m e n t a r y  t r e a t m e n t  n e g l e c t s  a l l  such  items 
like the fact tha t  shock speed is dependent  on shock s t rength 
and is somewhat u n r e a l i s t i c  i n  these r e s p e c t s . ]  
The i m p l i c a t i o n s  f o r  the  transmission of sound from the 
moving v e h i c l e  t o  the earth are reasonab ly   appa ren t .  Only 
sound  emi t t ed  wi th in  an  ang le  o f  t an - l [ c / ( a  t c )z] of  the 
f l i g h t  p a t h  c a n  e f f e c t i v e l y  be t r ansmi t t ed   r ea rward .  The 
rearward t r a n s m i t t e d  sound must pass through t h e  "fol lowing" 
shock. Near the v e h i c l e  a x i s  t h i s  shock is n e g l i g i b l y  weak, 
but toward t h e  skirt o r  c u s p  i t  becomes q u i t e  s t r o n g  a n d  may 
modify the  sound  t ransmission.  
2 2 2 1  
\ 
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2. F a c t o r s   A f f e c t i n g  Sound from a Moving . .  Source 
S e v e r a l  f ac to r s  t h a t  must be c o n s i d e r e d  i n  e s t i m a t i n g  
s o u n d  i n t e n s i t y  from a moving source,  but  which may be 
neg lec t ed  when the source  is s t a t i o n a r y  are  d i s c u s s e d  b r i e f l y .  
The downward propagat ion of  sound is s u b j e c t  t o  some 
l i m i t a t i o n s  d u e  t o  the v e r t i c a l  p r o f i l e  of combined speed 
of sound  and  wind  component. I t  is p o s s i b l e  f o r  some r a y s  
t o  be r e f r a c t e d  upward  and  never reach the  ground. A s  w i t h  
t h e  source  on  t h e  ground,  some i n i t i a l l y  upward r a y s  may 
b e  r e f r a c t e d  b a c k  down t o  t h e  ground. 
The d i r e c t i v i t y  of t h e  i n i t i a l  s o u r c e  is  much more 
pronounced   for  t he  moving j e t  n o i s e   s o u r c e .  T h i s  d i r e c t i v i t y  
f ac to r  mus t  be a c c o u n t e d  f o r  s o  tha t  a r a y  o n  a g iven  az imuth  
and   e l eva t ion   mus t   be   t i ed  t o  the  j e t  engine .  T h i s  r e q u i r e s  
t ha t  e n g i n e  p i t c h  a n d  yaw be known a s  a v e h i c l e  t r a j e c t o r y  
p a r a m e t e r  i n  a d d i t i o n  t o  t h e  c o o r d i n a t e s  a n d  v e l o c i t y  compo- 
nent  s. 
A s  t h e  s u u r c e  s p e e d  i n c r e a s e s ,  d o p p l e r  e f f e c t s  c a u s e  
pronounced s h i f t s  t o  lower  f r equenc ie s .  
The s o u r c e  a n d  r e c e i v e r  are a t  w i d e l y  d i f f e r e n t  a l t i -  
t u d e s  s o  t h a t  d e n s i t y  r a t i o s  ( a n d  s p e e d  of sound r a t i o s )  
modify the i n t e n s i t y  c a l c u l a t i o n s .  
a .  Downward Sound P ropaga t ion  
~~ .~ .. . 
One is i n t e r e s t e d  p r i m a r i l y  i n  the downward propaga- 
t ion of  sound from a r i s i n g  v e h i c l e ,  t h e  l i m i t i n g  e l e v a t i o n  
a n g l e  f o r  p h a s e  n o r m a l s  a t  the  v e h i c l e  is of some importance.  
These limits a r e  r e a d i l y  e v a l u a t e d  f r o m  the  modif ied form 
o f  S n e l l ' s  Law. For an   ho r i zon ta l   phase   no rma l   ( and   r ay  
t a n g e n t ) ,  cp = 0 ,  so tha t  
c+u = co/coscpo + uo 
f o r   a n y   P a r t i c u l a r   a z i m u t h .  Sound s o u r c e   v a l u e s   a r e   i n d i c a t e d  
by t h e  z e r o  s u b s c r i p t .  If t h e n  t h e  v a l u e  c+u  exceeds  co+u 0' 
I 
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there w i l l  be some i n i t i a l  p h a s e  n o r m a l ,  qo, s a t i s f y i n g  the 
a b o v e  r e l a t i o n .  
Let  B be the l a r g e s t  v a l u e  o f  c+u a t  or below t h e  l e v e l  
Zo of the source and le t  A be  the l a r g e s t  a t  or above the 
l e v e l  Zo. L e t  'pA or 'pB be the v a l u e s  o f  the phase  normal 
obtained from the m o d i f i e d  S n e l l ' s  Law w i t h  the v a l u e s  o f  
c+u  taken a s  A o r  B r e s p e c t i v e l y .  The s o l u t i o n  i n  t h e  r ange  
( 0 , 7 ~ / 2 )  w i l l  be cons ide red .  These v a l u e s  are  a l l  f u n c t i o n s  
of the s o u r c e  l e v e l ,  Zo. Then the r a y s  may b e  c l a s s e d  as 
fo l lows :  
3. o < ( ~ ~ q ~ ,  qB c qA ascend ing   r ays  t ha t  a r e   t r a p p e d  
o<Qo<'pA 9 QA a s c e n d i n g   r a y s   t h a t  are  t rapped  
6 .  qA < 'po, aA < 'pB a s c e n d i n g   r a y s  tha t  c o n t i n u e  upward 
I t  is r e a d i l y  s e e n  t h a t  of the above 6 cases, on ly  two 
r e s u l t  i n  r a y s  r e a c h i n g  the ground; Cases 1 and 4 .  Once the  
v a l u e s  qB and 'pA a r e  o b t a i n e d ,  i t  is s u f f i c i e n t  t o  check r a y s  
-77/2 < 'po < -qB and 'pB < 'po < qA, when 'pB < (pA, t o  l o c a t e  
t h e  phase normal  range within which a r a y  w i l l  r e t u r n  t o  e a r t h .  
- 48 - 
b .   D i r e c t i v i t y  of t h e  Moving Jet  Source 
The mean s q u a r e  s o u n d  p r e s s u r e  r a d i a t e d  i n  the 
d i r e c t i o n  $ from a moving j e t  s o u r c e  is given  by  Ribner  (4) as 
4 2 3  
3 W f  (Po) L l+MocoS$, - 
P2(x ,e )  - 4a 2 4  cox2 (l-Mtsin2$)C 5 
where 
cos$  = cos$(l-Mosin 2 2 l  $)“-Mosin 2 $ e 
and 
x (1” s i n  $ )  = ~ ~ ( l + M ~ c o s $ ~ )  2 2 2  2 2 
0 
and i n  wh.ich t h e  symbols have t h e  s i g n i f i c a n c e  
W f  
= r a d i a n  f r e q u e n c y  o f  t u r b u l e n c e  i n  t h e  c o r r e l a t i o n  




P = mean squa re   sound   p re s su re  a t  t h e   r e c e i v e r  
= mean squa re  sound  p res su re  a t  t h e  s o u r c e  
L = t u r b u l e n c e  scale  i n  t he  j e t  
MO 
= f l i g h t  mach number 
Me = (eddy  convec t ion   speed) /c  = U./2co 0 J 
U = nozz le   gas   speed  
j 
C = ambient  speed of sound i n  t he  a i r  
0 
6 = angle   f rom t h e  j e t  a x i s   t o  t h e  o b s e r v e r   ( a p p a r e n t )  
X = ( a p p a r e n t )   s o u r c e   r e c e i v e r   d i s t a n c e  
X = e f f e c t i v e   s o u r c e   r e c e i v e r   d i s t a n c e  e 
C = c o n v e c t i o n   f a c t o r  
The r e l a t i o n s   b e t w e e n  X ,  x 0 ,  8, are shown i n   F i g u r e  3. e’ 
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Note that  i n  t h i s  i l l u s t r a t i o n  the source  is a t  A when 
the  sound is r e c e i v e d  a t  0 and has a p p a r e n t l y  t r a v e l e d  the 
d i s t a n c e  x. A c t u a l l y ,  the  sound w a s  e m i t t e d  a t  E and   t rave led  
the d i s t a n c e  xe.  The d i s t a n c e  t r a v e l e d  by the j e t  is AE = U o t  
whi le  the d i s t a n c e  t r a v e l e d  by the  sound i n  t h e  same t i m e  is 




The convect ion factor is g iven  by 
C2 = ( l-MccosJr) + a Mc 2 2 2  
where 
2 2 2   2 2  
CY wfL /ncOMc = 4wfL /nuj  2 2  2 
and is a f u n c t i o n  o f  t h e  j e t  nozz le  characterist ics.  Mc is 
t h e  j e t  mach number Mc = Uj  /co. 
T h i s  may be w r i t t e n  a b i t  more c o n v e n i e n t l y  i n  terms of 
e f f e c t i v e  a n g l e  a n d  d i s t a n c e  as 
or i n  t h e  u s u a l  s t a n d a r d  f o r m  f o r  a n  i n v e r s e  s q u a r e  r a d i a t o r  
where the first factor  is a n  i n i t i a l  sound  s t r eng th ,  the  
s e c o n d  c o r r e s p o n d s  t o  t h e  i n v e r s e  s q u a r e  r a d i a t o r ,  a n d  the 
las t  f a c t o r  i n v o l v e s  o n l y  t h e  d i r e c t i v i t y  o f  t he  sound source.  
The a n g l e  Jre is t o  be u s e d  i n  t he  e x p r e s s i o n  f o r  C. 
T h e  a n a l y s i s  summarized a b o v e  f o r  t h e  mean squa re  
a c o u s t i c a l  p r e s s u r e  from a moving j e t  s o u r c e  r e q u i r e s  impor- 
t a n t  m o d i f i c a t i o n  f o r  u s e  i n  a non-uniform  atmosphere.  The 
p r e c e d i n g  r e s u l t s  p e r t a i n  t o  a uniform  a tmosphere.   The  factors  
xe and  (l+Mocos$e)-l of the las t  e x p r e s s i o n   i n v o l v e  the  sound 
t r ansmiss ion  th rough  t h e  atmosphere and should be deleted. 
I n  their p l a c e  o n e  s u b s t i t u t e s  R-2 and f ,  where R is the  
s o u r c e   r e c e i v e r   d i s t a n c e   a n d  f is the f o c u s i n g   f a c t o r .  The 
r e s u l t  is expressed  as 
-2 
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OR1  GIN 





RELATION BETWEEN THE VEHICLE LOCATION ( A ) ,  
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The d i r e c t i v i t y  of the  j e t  source  is t a k e n  i n t o  a c c o u n t  i n  C. 
T h e  f o c u s i n g  f a c t o r ,  f ,  w i l l  b e a r  the burden of t h e  e f f e c t s  
of   a tmospheric   nonhomogeniety  and  source  veloci ty .   The 
d e t a i l s  r e q u i r e d  f o r  c o m p u t i n g  the f o c u s i n g  f a c t o r  u n d e r  
these c o n d i t i o n s  are  d i scussed  a t  l e n g t h  i n  a s e p a r a t e  s e c t i o n .  
c. Coupl ing   the  Ray __ T r a c i n g   t o   t h e   S o u r c e  
The r a y  t r a c i n g  p i c t u r e  is ca lcu la t ed  indepdenden t ly  
of t h e  source .  To p rov ide  the c o r r e c t   i n p u t   s o u n d   i n t e n s i t y  
and frequency,  the r ays  mus t  be coupled w i t h  t h e  l o c a l  geom- 
e t r y  o f  t h e  veh ic l e  and  its motion. 
The r a y  p a r a m e t e r s  are cp and eo, t h e  a l t i t u d e  and 
0 
az imuth  angles  of  t h e  i n i t i a l  p h a s e  n o r m a l ,  r e s p e c t i v e l y ,  
r e f e r r e d  t o  a n  ear th  c o o r d i n a t e  s y s t e m  i n  which t h e  r e f e r e n c e  
p l a n e  (Xo, Yo) is  p a r a l l e l  t o  the e a r t h ' s  sur face  and  t h e  Z 
a x i s  is  d i r e c t e d  v e r t i c a l l y .  
0 
If t h e  v e h i c l e  is  assumed t o  b e  o r i e n t e d  a l o n g  the  
tangent  of  t h e  t r a j e c t o r y ,  t h e n  a n g l e  o f  t he  sound  ray w i t h  
r e s p e c t  t o  t h e  v e h i c l e ,  Jr, is  g iven  by t h e  formula 
cos@ = simp sinq + coscp coscpvcos(~v-80) 
0 V 0 
where 8, = sound ray azimuth angle  
'PO 
= sound  r ay  e l eva t ion  ang le  
O V  = v e h i c l e  t r a j e c t o r y  a z i m u t h  
'PV 
= v e h i c l e  t r a j e c t o r y  e l e v a t i o n  a n g l e .  
where t h e  r e f e r e n c e  frame is an  ea r th  f ixed system and Jr is 
t h e  a n g l e  that  the sound ray makes w i t h  r e s p e c t  t o  the v e h i c l e  
t r a j e c t o r y .  
- 52 .. 
T h e  v e h i c l e  o r i e n t a t i o n  is n o t  n e c e s s a r i l y  t h a t  d e s c r i b e d  
above  s ince  fo r  gu idance  pu rposes  i t  does not  a lways  po in t  
a l o n g   t h e   t r a j e c t o r y   t a n g e n t .  When s u c h   d e p a r t u r e s  from t h e  
t r a j e c t o r y  t a n g e n t  are a p p r e c i a b l e ,  t h e  v e h i c l e  o r i e n t a t i o n  
a n g l e s  s h o u l d  b e  u s e d  i n  place of 8, and q, above. 
The angle  of t h e  s o u n d  r a y  w i t h  r e s p e c t  t o  t h e  moving 
v e h i c l e  is i m p o r t a n t  s i n c e  t h e  v e h i c l e  s o u n d  s o u r c e  is 
h i g h l y   d i r e c t i o n a l .  Some de ta i l s  o f   t hese  character is t ics  
are d i s c u s s e d  i n  t h e  n e x t  s e c t i o n .  
d .   Doppler   Effect   (Uniform  Case)  
The change of frequency of sound from a moving s o u r c e  
a s  r e c e i v e d  by a s t a t i o n a r y  o b s e r v e r  is w e l l  known. The 
f requency  of the  sound a s  
r e c e i v e d ,  w ‘ ,  is r e l a t e d  t o  
t h e  i n i t i a l  f r e q u e n c y  o n  t h e  
moving source w by t h e  r e l a t i o n  
where c is the  ambient   speed 
of sound  and R is t h e  d i s t a n c e  
from the  sound source  a t  time 
of emis s ion  and  the  r ece ive r  
when t h i s  sound pulse  is ob- 
served.   Then,   f rom  Figure 4, 
“t 
R = ; + <R/c.  
Then 
FIGURE 4 
Geomet r i ca l  Re la t ions  
i n  D o p p l e r  E f f e c t .  
d8/dt = d;/dt + (G/c)(dR/dt) 
Now d f / d t  = -v where G is the  (uni form)  source  speed  s o  
t h a t  
4 
d8/d t = -3[ 1- (dR/d t ) /c] 
and 
-+ 
R*(dZ/dt)  = R(dR/dt) = -(R*V)[l-(dR/dt)/c].  
4 4  
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4 4  
I f  R-v  = Rv cos $e and v/c = M y  t h e n  
0' = u/(l-MCOS$e) 
Note that the a n g l e  is the angle   be tween the d i r e c t i o n  
of motion of t h e  s o u r c e  3 and t h e  d i r ec t ion  o f  sound  t r ans -  
mis s ion  that  w i l l  a r r i v e  a t  t h e  r e c e i v e r .  I n  t h e  subsonic  
case t h i s  is u n i q u e ,  b u t  i n  t h e  s u p e r s o n i c  case there may be  
two such. 
The second sound source that  would be heard by a n  o b s e r v e r  
is n o t  d i s c u s s e d  here s i n c e  i t  is p h y s i c a l l y  n o n e x i s t e n t  f o r  
a v e h i c l e  t h a t  is r i s i n g  o n  a n e a r l y  v e r t i c a l  t r a j e c t o r y .  If 
the v e h i c l e  were f l y i n g  n e a r l y  h o r i z o n t a l l y  i t  would be pos- 
sible for bo th   sound   sou rces   t o  be heard s imul t aneous ly .  A s  
t h e  shock  passes  the obse rve r  t h e  sound  would come from a 
s i n g l e  s o u r c e  located a t  a p o i n t  where t h e  p e r p e n d i c u l a r  t o  
t h e  shock a t  t h e  obse rve r  meets the  f l i g h t  p a t h .  T h i s  sou rce  
would i n s t a n t l y  s e p a r a t e  i n t o  two sources,  one moving forward 
and the other  backward.  The  backward  moving  apparent  source 
is n o t  e f f e c t i v e  for a g round  obse rve r  i n  the case of a r e a l l y  
v e r t i c a l l y  r i s i n g  v e h i c l e .  
e. A c o u s t i c a l  - Coupling . w i t h  t h e  Atmosphere 
The  cond i t ions  a long  a r a y  t u b e  are c h a r a c t e r i z e d  
by the r e l a t i o n  
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where symbols w i t h  and without s u b s c r i p t s  refer t o  two 











po in t s  and  
mean s q u a r e  a c o u s t i c a l  p r e s s u r e  
speed of . p r o p a g a t i o n  a l o n g  the r a y  t u b e  
vS = 1VS1, 3, = c n  + w 4 4  
speed  of  sound 
u n i t  p h a s e  n o r m a l  v e c t o r  
wind speed v e c t o r  
r a y  t u b e  c r o s s  s e c t i o n  
a t m o s p h e r i c  d e n s i t y  
cco/(c+wn) 
re ference  speed  of  sound 
p r o j e c t i o n  o f  wind speed vector  on the  
phase norma 1 
I n  a s l i g h t l y  d i f f e r e n t  f o r m  
The f a c t o r  (A1/A) is handled by t h e  ray   t rac ing   method.   The  
f a c t o r  ( p / p l ) ,  the r a t i o  of a i r  d e n s i t y  a t  t h e  r e c e i v e r  t o  
t h a t  a t  the source ,  is a n  e a s i l y  o b t a i n e d  a m p l i f i c a t i o n  f a c t o r .  
The product  of t h e  l a s t  three f a c t o r s  is  n e a r l y  c/cl, a s  
fo l lows ,  
2 2 2 vs = c +2cwn+w 
so 
s i n c e  a l l  terms w / c ,  wn/c are small compared w i t h  1. 
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Consequent ly  the mean s q u a r e  a c o u s t i c a l  p r e s s u r e  is approx- 
imated by 
where the l a s t  f a c t o r  is a f u n c t i o n  o f  t h e  atmospheric con- 
d i t i o n s  a t  the source   and   rece iver   on ly .   The  first factor  
r e p r e s e n t s  t h e  i n i t i a l  s o u r c e  s t r e n g t h ,  i n c l u d i n g  the direc- 
t i v i t y  effects d i scussed   p rev ious ly .   The   s econd   f ac to r ,  
the r a y  t u b e  area r a t i o ,  is t h e  part  that  is handled by r a y  
t r a c i n g  method. 
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3. Ray T r a c i n g  from a Moving Source 
T h e  b a s i c  p r o b l e m  f o r  r a y  t r a c i n g  from a s t a t i o n a r y  
s o u r c e  is t h e  e s t i m a t i o n  of t h e  f o c u s i n g  f a c t o r  which modi- 
f i e s  t h e  i n t e n s i t y  f r o m  t h e  i n v e r s e  s q u a r e  l a w  s p r e a d i n g  t o  
t h a t  o f  the r a y s  c u r v e d  a n d  r e f l e c t e d  by the atmosphere. 
I n  t h e  s t a t i o n a r y  s o u r c e  case, i t  is s u f f i c i e n t  t o  c o n s i d e r  
a vls ta t ic ' l  problem  and  disregard t h e  f a c t  that  a "wave f r o n t "  
a r r i v e s  a t  d i f f e r e n t  l o c a t i o n s  a t  d i f f e r e n t  times. 
When t h e  moving  source is  c o n s i d e r e d ,  t h e  f o c u s i n g  f a c t o r  
must be put  on a bas i s  of s i m u l t a n e o u s  a r r i v a l  of t h e  sound. 
I n  o r d e r  t o  d o  t h i s ,  w e  c o n s i d e r  f i r s t  a more genera l  form 
of t he  focus ing  factor.  The g e n e r a l   f o r m u l a t i o n  of the r a y  
t r a c i n g  method is analyzed  so t h a t  t h e  d s r i v a t i o n s  c o n c e r n e d  
are put  on a t o t a l  t i m e  basis .  T h e  d e t a i l e d  e x p r e s s i o n s  f o r  
t he  d e r i v a t i v e  terms a r e  t h e n  c o n s i d e r e d  a n d  e x p r e s s e d  i n  
terms o f  d e r i v a t i v e s  i n  which time is ignored .  
a .   Focus ing   Fac to r  
The  f o c u s i n g  f a c t o r  may be d e f i n e d  a s  t h e  r a t i o  of 
t he  a r e a  of a r ay  tube  r each ing  ' t he  g round  t o  t h a t  o f  a r a y  
t u b e   t h a t   r e p r e s e n t s   s p h e r i c a l   s p r e a d i n g .  The t u b e   a r e a  
f o r  s p h e r i c a l  s p r e a d i n g  is  
2 
= R COW A C ~  ~e 
where R is the s o u r c e - r e c e i v e r  d i s t a n c e ,  cp is the  r a y  e l e v a t i o n  
angle ,  and 8 is  the r a y  az imuth  angle .  
A t  a n y  g i v e n  i n s t a n t ,  t h e  r a y  h a s  c o o r d i n a t e s  
g iven  by 
which r e p r e s e n t  p o i n t s  o n  a n  e x p a n d i n g  s u r f a c e  where ( 0 , e )  
are c o o r d i n a t e s  on the  su r face .   Fo r   cons t , an t  ( q , O ) ,  the r a y  
p o i n t  moves a long  a space   cu rve  w i t h  parameter  T .  The v e c t o r  
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is the v e l o c i t y  v e c t o r  a l o n g  t h e  r a y .  The v e c t o r s  t h a t  a r e  
t a n g e n t  t o  the s u r f a c e  are g iven  by 
The r a y  t u b e  i n t e r s e c t s  t h e  ground i n  a  mapping of t h e  
s o u r c e   c o o r d i n a t e s  ( ( ~ ~ 8 )  on to  the ground. The i n t e r s e c t i o n  
of t h e  r ay  tube  w i t h  t h e  ground is i d e n t i f i e d  w i t h  a quad- 
r i l a t e ra l  determined by the p o i n t s  x ( c p ; e ) ,  y(0 ,B) ;  x(o+,4q,0), 
y(x+hp,8);  x((py8+A0, Y(cp,e+Ae& and  x(cp+hp,e+Ae),  y((p+hp, e-kAW- 
These p o i n t s  are a l l  a s s o c i a t e d  w i t h  d i f f e r e n t  times of a r r i v a l  
i f  the sound is i n i t i a t e d  a t  a s i n g l e  time. Conversely,  t h e  
same s i t u a t i o n  h o l d s  i f  t h e  mapping of sound emission coordinates 
((p,8) on t h e  ground is viewed a t  a s i n g l e  t o t a l  t i m e ,  bu t  i n  
t h i s  c a s e  the sound is e m i t t e d  a t  d i f f e r e n t  times for each  
p o i n t .  
The area of t h e  g r o u n d  i n t e r s e c t i o n  is found  from the 
u s u a l  d i f f e r e n t i a l  a p p r o x i m a t i o n  
I t  is n e c e s s a r y  t o  c o r r e c t  t h i s  by m u l t i p l y i n g  by t h e  
s i n e  o f  t h e  i n c l i n a t i o n  a n g l e  of t h e  r a y ,  qPy t o  o b t a i n  t h e  
a r e a   o f  t h e  r a y   t u b e  i t s e l f .  Thus 
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b) Reduction  to Time Dependent  Arrival 
The preceding  section  on  the  focus  factor was
expressed  in  terms  of  the  simultaneous  arrival  of  sound 
everywhere on the  ground. To facilitate  computation, it 
is helpful  to  express  the  focusing  factor  in  terms  of 
quantities  obtained  for  simultaneous  emission  time.  The 
ray  equations  are  used  for  this  purpose. 
The  first  factor  of  the  first  term  may  be  determined  from (4) 
and (5) 
t = T - T(Z(t)lcp18) 
so that  for T = constant 
-at/acp = (ar/az)(az/at)(at/a~) + adacp, 
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or 
a t / a Q  = -(a~/a~)/Cl+(a~/az)/(az/at)], 
a t /ae  = - ( a d a e ) / C  i + ( a ~ / a z ) / ( a z / a t ) ]  . 
whence 
If one writes U = a x / a t ,  V = a Y / a t ,  w=az/at ,   then 
ax,/aq = ax/aq-tadap) (u+wax/az)/(i+waT/az) 
ax,/ae = ax/ae- (adae)  (u+wax/az) / ( l+wa~/az)  
ay,/aq = ay/ap-(adap)  (v+way/az) / ( i+wa~/az)  
ay,/ae = ay/ae-(adae) (v+way/az)/(i+waT/az).  
Note t h a t  U ,  V ,  W are  eva lua ted  a t  t h e  e m i s s i o n  time t r a t h e r  
t han  a t  t h e  t o t a l  t i m e  T.  The first terms, ax/acp,--- ,ay/ae 
are  eva lua ted  from t h e  r a y s  a s  computed from the r a y  t race 
m e t h o d  n e g l e c t i n g  v e h i c l e  m o t i o n  ( s t a t i o n a r y  s o u r c e  a t  X,Y,Z). 
The terms aT/acp,ar/ae are computed  from t h e  same o n l y  t h e  
sound t r a v e l  t i m e  is r e q u i r e d .  U,V,W are t h e  v e h i c l e  v e l o c i t y  
components.  The terms a x / a Z ,  ay/aZ, a T / a Z  are changes  of 
ground coord ina te  and  time p e r  u n i t  c h a n g e  of t h e  s o u r c e  
h e i g h t .  T h u s ,  f i v e  r a y  t a c i n g  q u a n t i t i e s  are needed i n  a d d i -  
t i o n  t o  t h e  u s u a l  t e r m i n a l  r a y  c o o r d i n a t e s :  a.r/a(n, a . r /ae ,  
ax/az, ay/az,  a d a z .  
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c) Simpl i f ied   Sys tem 
If t he  r a y s  are p r o p a g a t e d  i n  a p l ane ,  t hen  one  
c a n  write 
X = ~ - ( z ( t ) , c p ) c o s e ,  
y = r ( Z ( t 1 , o ) s i n e .  
s o  t h a t  
I -  
- 6 1  - 
'The f a c t o r  o f  the second term which ' i nvo lves  the  az imuth  
is ' e x a c t l y  t h e  h o r i z o n t a l . c o m p o n e n t  o f  s o u r c e  v e l o c i t y  i n  
. the  azimuth  plane  of   sound  propagat ion.  T h i s  term is 
r e p l a c e d  by Ue s o  the e x p r e s s i o n  s h o r t e n s  somewhat t o  
[r(ar/acp,)], = ar/acp-(a~/aq)  (ue-war/az)/(l+war/az)]  (6) 
i n  which a l l  q u a n t i t i e s  are found i n  t h e  azimuth plane of  
p ropaga t ion .  I t  is r e a d i l y  s e e n  that  i f  U = W = 0,  s t a t i o n -  
a r y  sou rce ,  the f a c t o r  a b o v e  r e d u c e s  t o  r(ar /acp)  and the  
f o c u s  f a c t o r  is of t h e  s t a n d a r d  t y p e  f o r  a s t a t i o n a r y  s o u r c e .  
The f u l l  e x p r e s s i o n  f o r  t h e  f o c u s i n g  f a c t o r  is then  
f = R 2 coscpo/Cr(ar/acpo)lT~inrpp 
where by r[dr /&poIT is  meant t h a t  t he  expres s ion  is t o  be 
e v a l u a t e d  a s  a b o v e  ai; c o n s t a n t  a r r i v a l  t i m e .  
i) A Simple  Example 
Consider  a source  moving w i t h  a v e l o c i t y  U p a r a l l e l  
t o  the ground a t  an h e i g h t  H.  T h e  p a r a m e t r i c   e q u a t i o n s   f o r  
a ray p o i n t  are 
x = Ut+c.rcoscp 
1; = H - cTsinCp 
T = t + T  
where t is the time of  emiss ion  of sound, T t h e  t i m e  of t r a v e l  
a long  a r a y  p a t h ,  T the t o t a l  t i m e  and cp t h e  a n g l e  of emiss ion  
measured downward from the source   pa th .  The sound reaches 
the  ground i n  a t r a v e l  t i m e  T = H/c s i q  determined by z = 0 
and   so lv ing  t h e  s e c o n d  r e l a t i o n  f o r  T .  The t i m e  of emiss ion  
a long  a r a y  w i t h  i n i t i a l  a n g l e  cp is obtained from t=T  -H/c s i n  q .  
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These e x p r e s s i o n s  f o r  t and T s u b s t i t u t e d  i n  the first 
e q u a t i o n  g i v e  t h e  e x p r e s s i o n  f o r  g r o u n d  c o o r d i n a t e  o f  
a r r i v i n g  s o u n d  a t  t o t a l  t i m e  T as  a f u n c t i o n  of the a n g l e  
of  emiss ion ,  cp 
x = UT + H(coscp - M)/sincp 
where M = U/c is the s o u r c e  Mach number. 
The f o c u s i n g  f a c t o r  is 
where (ax/acp)T is c a l c u l a t e d  on the basis of  s imul taneous  
a r r i v a l  t i m e  T and i t  is t o  be noted t ha t  R = H + x 2 2 2 
where x is c a l c u l a t e d  on t h e  basis of the h o r i z o n t a l  t r a v e l  
d i s t a n c e  i n  t h e  time T .  Thus, X = CT COW = H COW/ SinCp 
and R2 = g / s i n 2 q .  I t  is e a s i l y  v e r i f i e d  that  
(ax/aCplT = -H(l-Mcoscp)/sin ~p 2 
and so 
f = l / l l - M c o ~ l .  
For subson ic  speeds  t h e  f o c u s i n g  f a c t o r  is l a r g e s t  f o r  q = O ,  
l / ( l - M ) ,  and s m a l l e s t  a t  q=r, l / ( l + M )  and  has the v a l u e  1 
a t  q=rr/2.  I n  g e n e r a l ,  f ,  decreases   monotonica l ly   f rom q = O  
t o  q=r so t h a t  t he  sound a t  t he  ground is of l a r g e r  i n t e n s i t y  
ahead  of t h e  s o u r c e  and of  smal le r  i n t e n s i t y  a t  some d i s t a n c e  
behind t h e  source  than  would  have  been the c a s e  for a s t a t i o n -  
a ry   source .   Note ,   however ,   tha t  the  c r o s s o v e r   p o i n t  is  not  
benea th  t h e  s o u r c e  a t  time T ( c l o s e s t  d i s t a n c e ) ,  b u t  a t  a 
d i s t a n c e  HM behind the  s o u r c e  p o s i t i o n  UT (by s u b s t i t u t i n g  
cp=O i n  t he  e x p r e s s i o n  f o r  x ) .  
I n  the c a s e  of supe r son ic  speed ,  t h e  f o c u s i n g  f a c t o r  
becomes l a r g e  w i t h o u t  bound a t  c o s  q = 1 / M  or a t  a d i s t a n c e  
behind the source .  T h i s  c o r r e s p o n d s   t o  the i n t e r s e c t i o n  
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of  the Mach cone w i t h  the ground.   Note   fur ther  t h a t  t h e  
e x p r e s s i o n  fac t  that  t o  the rearward 
of the p o i n t   p r e s e n t   l o c a t i o n   o f t h e  
sou rce ,  UT, receives  sound  from  two 
d i f f e r e n t  a n g l e s  cpl, 'pa. T h i s  is r e a d i l y  s e e n  from t h e  
e x p r e s s i o n  f o r  x which is l a rge  and  nega t ive  for small cp 
and for  56 n e a r  7~. As 56 i nc reases   f rom - 0 t o  cos-l(l/M) 
the p o i n t  x moves  from -OD t o  UT.-+ -1 and a s  i t  i n c r e a s e s  
from cos"(l/M) t o  71 the  p o i n t  x retreats a g a i n  t o  - m .  
2 
The above simply arithmetical example presupposes 
knowledge of t h e  r a y  p a t h  which is u s e d  e x t e n s i v e l y  i n  t h e  
man ipu la t ions .  To compute the f o c u s i n g   f a c t o r   w i t h o u t   u s i n g  
such extensive knowledge,  w e  c o n s i d e r  t h e  f o c u s i n g  f a c t o r  
a s  d e r i v e d  p r e v i o u s l y  
where 
I n  t h i s  simple example,  W=O, V =V s o  t h a t  r 
[ r ( a r / a c ~ ~ ) l ~  = rCar/acp - uadacpl 
and cp - = cp. If the  source  were s t a t i o n a r y ,  t he  r a y  
i n t e r s e c t i o n s  w i t h  t h e  ground would be g iven  by r = H  cot0 and 
the t i m e  o f  sound t rave l  would be g iven  by T = H/c simp. 
These are q u a n t i t i e s  that  would be c a l c u l a t e d  by t h e  ray 
t r a c i n g  method i n  the s t a t i o n a r y   s o u r c e   c a s e .  Then 
ar/acp = -H/sin cp, aT/aq  = -H coscp/c s i n  cp and R =H +r =H / s i n  cp. 
S u b s t i t u t i n g  these e x p r e s s i o n s ,  t h e  f o c u s i n g  f a c t o r  becomes 
f = 1/11 - M coscpl a s  be fo re .  
0 - 'pp 
2 2 2 2 2 2  2 
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d )  The Ray Tracing  Terms 
The terms requ i r ed  f rom ray  t r ac ing  p rocedure  are 
thence  ar/&po, a r / a Z ,  aT/a(po, and aT /aZ .  The  source  motion 
i m p l i e s  t h a t  t i m e  of sound  t ransmiss ion  is r e q u i r e d .  Both 
r a d i a l  d i s t a n c e  and sound t ravel  t i m e  are d i f f e r e n t i a t e d  
w i t h  respect t o  t h e  i n i t i a l  r a y  i n c l i n a t i o n  a n d  the s o u r c e  
h e i g h t .  These are  t h e  two basic parameters that  e n t e r   i n t o  
S n e l l ' s  Law c o n s t a n t  
K = co/coSrp0 + u0, co=c0(Z),  U~=U,(Z).  
S ince  the S n e l l ' s  law c o n s t a n t  is the o n l y  p l a c e  where these 
i n i t i a l  c o n d i t i o n s  o c c u r ,  t h e  d e r i v a t i v e s  c a n  be r e p l a c e d  by 
d e r i v a t i v e s  w i t h  respect t o  S n e l l ' s  Law c o n s t a n t ,  K, and t h e  
o t h e r  d e r i v a t i v e s  computed   us ing   an   appropr ia te   fac tor .   Thus  
One then needs a r / aK,  a T / a K  and the d e r i v a t i v e  factors ,  
aK/acpo,aK/aZ. I t  is r e a d i l y  see.n t h a t  
aK/acpo = cosimpo/cos cp 
a K/az = C;/COSP~+U;. 
2 
0' 
i) The D i s t a n c e   D e r i v a t i v e s  
The r a y  i n t e g r a l  t h r o u g h  a layer 
x2-x1 = [ (c cow  +u) /c   s incpldz  
2 2 
1 
is t r a n s f o r m e d  u s i n g  S n e l l ' s  Law 
c/coscp+u = cocoscp + uo = K = c o n s t a n t  
0 
I 
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The relation  between qo, K,  and z permits  the  following 
0 
a-/aqo = (a-/aK) (aK/aq0),  (11) 
where 
aK/acpo = cosilrpo/cos q, 
aK/azo = C;/COU~, + u;, 
2 
and 
C' 0 = aco/azo, U' 0 = auo/azo. 
Consequently,once ax /aK - axl/aK  has  been  obtained,  the 
expressions  for ax2/acp - axl/aqo  and  ax2/azo - axl/azo 
are  easily  obtained  by  using  the  appropriate  multiplier. 
The differentiation  of x2-x1 with  respect to  K involves  two 
distinct cases  depending on whether or not  the ray is 
reflected  at  the  upper  limit  of  integration.  If  no  reflection 
occurs  at z i.e.,  the  ray penetrates the  layer  (z1,z2), the 
upper  limit, z 2 ,  is fixed  and  the  parameter K is contained  only 
in the  integrand. 
2 
0 
2 '  
CASE I :  z2 independent  of  K  (ray  penetrates  the  layer 
(z1,z2). Then, if Ax = x2-x1 
or 
" 
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In this  case  the  integration  poses no problems  since  the 
integral is proper  through  the  entire  layer. 
When  reflection  occurs  at z2, the  upper  limit  of  the 
integral is also  dependent on K so that  another  term is 
involved. 
CASE 11: z2 depends on K (ray  reflected  at z2).  Then 
formal  differentiation  leads  to 
I 
It is readily  seen  that,  since  K-u = c  at z2, both  terms 
of  this  expression  are  meaningless  at that  level. To avoid 
this  difficulty,  reduce  the  range  of  integration by a small 
amount, E, so that  the  upper  limit  becomes z2-E and  consider 
the  limit for E -.) 0 
Since  az*/aK = c'+ u'evaluated  at z*, then 
The  integral  in  B  requires  some  manipulation.  This  is  integrated 
by  parts.  Note  that 
- d f (K-u)/v(K-u)  -c 3 = c[  (K-u)c'+cu']/[  (K-u)  -c ] 2 2  2 2 3/2 dz 
I 
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so t h a t  z* -.- 
B =  S K 
z1 (K-u) c ' +cu 
L e t  B be w r i t t e n  i n  t h e  form B=C-D+E where 
r I 
K(K-u)/[ (K-u)c'+  cu']d(K-u) -C (17 1 
z* 
so that  ( 7 )  becomes 
1 i m  1 i m  1 i m  
+ 0 [a(&C)/aK]= z* + z2 (A-C) + D - z* + z2 E. (19) 
The first term on the  r i g h t  of (19)  requires  some manipulation. 
Thus 
whence  on  combining f r a c t i o n s  and s i m p l i f y i n g  
(A-C) = - [ c' (K-u) (c-u) + u'c (K-u+c)] d G  
c (c'+u')[  (K-u)c'+cu'] d E  
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so t h a t  
1 i m  
Z* -+ z2 (A-C) = 0 
and 
The remaining l i m i t  c o n s i s t s  o f  f o r m a l l y  s u b s t i t u t i n g  z2 f o r  
z* i n  (18) .  Then  from  (17)  and  (18) 
z2 -s 
Z 1 [ ( K - u ) c ' + c u ' ] ~ ~ -  
K (K-U) [ (K-U)C" + CU" ] dz 
2 1 
T h i s  l i m i t  is used i n  p lace  of  t h e  f o r m a l  e x p r e s s i o n  f o r  
ax2/aK - axl/aK.  The f i rs t  term of (14) is a c c e p t a b l e   s i n c e  
i t  is e v a l u a t e d  a t  z1 w h e r e  K # u + c .  The i n t e g r a l  term is 
acceptable  because,  though improper ,  i t  may be eva lua ted  under  
a lmost  t h e  same c i r cums tances  a s  t h e  i n t e g r a l  for x2 - x 
i t s e l f .  We a r e  n o t  c o n c e r n e d  i n  the above  with the c a s e  c = u'= 0 
s i n c e  u n d e r  these c i rcumstances  t h e  ray  concerned  may not have 
its r e f l e c t i o n  l e v e l  a t  z2.  
l f  
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. I  . .  . 
SPECIAL CASE U = 0 
The presence of u(z) complicates t h e  a r i t h m e t i c  of t h e  
above   reduct ion .  When u(z) 0 ,  t h e  s i t u a t i o n  is s t r a i g h t -  
forward. We c o n s i d e r  o n l y  the case o f  r e f l e c t i o n  a t  z2 so 
S n e l l ' s  Law a t  t h e  r e f l e c t i o n  l e v e l  is c = K so t h a t  
az,/aK = l /c '  and so, d i f f e r e n t i a t i n g  t h e  , in tegrand  
Note t h a t  d[ (K -c )- 1/2]/dz = c c ' / ( K ? - ~ ~ ) ~ / ~  so t h a t  
t h e  i n t e g r a n d  may be w r i t t e n  i n  a s  
2 2  
I n t e g r a t i n g  by pa r t s  
The first term van i shes  fo r  z* + z2. The r e s u l t  i n  t h e  limit is 
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which  checks  the  previous result f o r  u(z) 0 .  
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THE  TIME  DERIVATIVES 
The e v a l u a t i o n  o f  a T / a K  a l so  r e q u i r e s  t h e  c o n s i d e r a t i o n  
of t h e  same de ta i l s .  The t i m e  t o  t r a v e r s e  t h e  l a y e r  zl, z2 is 
If t h e  r a y  is n o t  r e f l e c t e d  a t  z2, t h e n  z2 is independent  of 
S n e l l ' s  c o n s t a n t ,  K ,  
aT2, /aK-aT / aK = - CC/[ (K-U) -C 1 ]dz.  i" 2 2 3/2  ( 2 1 1 
Z 1 
To o b t a i n  t h e  r e s u l t  i n  t h e  c a s e  t h e  r a y  is r e f l e c t e d  a t  t h e  
l e v e l  z2, w e  i n t e g r a t e  t o  t h e  l e v e l  z* = z2-E. T h i s  l e v e l  w i l l  
depend  on  the  Sne l l ' s  cons t an t  K v i a  z2 (K) . Thus one has 
- i * { c / [  (K-u) 2 -c 2 1 3/2 dz 
Z 1 
now s i n c e  K = u(z,) + c (z* )  for t h e  r e f l e c t e d  r a y ,  a z * / a K = l / ( c ' + ~ ' ) ] ~ *  
and t h e  in t eg rand  o f  t h e  l a s t  term is r e w r i t t e n  u s i n g  
t o   g i v e  
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Integrat ing  by par t s  and c o l l e c t i n g  terms e v a l u a t e d  a t  zs together  
aT*/aK-aT1/aK= (K-U) c'+u') [ ( ~ - u ) C ' + c t f & G F ]  "* 
+ (K-U ) /[ (K-U) c +CU ' 1 V G ]  2 2  
1 
-1 
Z * (K-U) [ (K-U)C" +CU" ] 
# -dZ . 
2 2  [ (K-u)c ' +cu '1 (K-u) "c 
z1 
Then for zs z2 or E + 0 the  first term becomes zero wi th  
t h e  r e s u l t  t h a t  
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SUMMARY 
The f o c u s  f a c t o r  for  e s t i m a t i n g  s o u n d  i n t e n s i t y  is g iven  
by t h e  more g e n e r a l  e x p r e s s i o n  
where 
s t a n d s  for t h e  u s u a l  e x p r e s s i o n  b u t  corrected f o r  s i m u l t a n e o u s  
t i m e  of a r r i v a l  of t h e  s o u n d  r a y s  a t  t h e  ground. The re- 
maining symbols  are  
R = d i s t a n c e  of s o u r c e  ( a t  e m i s s i o n  t i m e )  t o  r e c e i v e r  
( a t  r e c e p t i o n  time) 
Cpo = i n i t i a l  r a y  i n c l i n a t i o n  a n g l e  
Z = s o u r c e  a l t i t u d e  
r = h o r i z o n t a l  p r o j e c t i o n  of t h e  r a d i a l  s o u r c e - r e c e i v e r  
d i s t a n c e ,  R 
cpP 
= r a y  i n c l i n a t i o n  a t  t h e  ground 
7 = s o u n d  t r a v e l  time 
U8 = h o r i z o n t a l  component of s o u r c e  v e l o c i t y  i n  p r o p a g a t i o n  
p l a n e  
W = v e r t i c a l  s o u r c e  v e l o c i t y  component 
A l l  of t he  p a r t i a l  d e r i v a t i v e s  ar/acpo, aT/acp, a r / aZ ,  a T / a Z  a r e  
o b t a i n e d  from t h e  r a y  t r a c i n g  r e s u l t s  i n  u s u a l  form (i.e.,  t h e  
fact  t h a t  the r a y s  do n o t  a r r i v e  s i m u l t a n e o u s l y  is ignored) .  
- 74 - 
The r a d i a l  d i s t a n c e  a n d  t r a v e l  t i m e  are o b t a i n e d  from 
l a y e r  wise a d d i t i o n  of t h e  l a y e r  i n t e g r a l s  
2- 
AT = T 2-7 1 =;I ( K - u / c ' \ / ( K - z  I dz 
z 1 
where K is t h e  S n e l l ' s  l a w  c o n s t a n t  from 
c/coscp + u = co/coscpo + uo = K  
where c is t h e  speed  of sound,  u is t h e  wind  component i n  t h e  
p l ane  of p ropaga t ion   (bo th   func t ions  of a l t i t u d e ,  Z ) .  When 
t h e  r a y  is ref lected,  t h e  upper  l i m i t  of i n t e g r a t i o n  is o b t a i n e d  
f r o m  S n e l l ' s  law by s e t t i n g  cp = 0 so t h a t  
c (2,) + u(z2 )  = K 
and s o l u t i o n  fo r  z2 is r e q u i r e d .  
The d e r i v a t i v e s  w i t h  r e s p e c t  t o  both cpo and Z are o b t a i n e d  
f rom de r iva t ives  w i t h  r e s p e c t  t o  K from t h e  r e l a t i o n s  
where 
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aK/aePo = cosinvo/cos 2 rpo, 




When t h e  r a y  is r e f l e c t e d  a t  t h e  upper boundary of t h e  
l a y e r ,  these i n t e g r a l s   c a n n o t  be e v a l u a t e d .  The r e s u l t i n g  
and  
z 1 
(K-u) [ (K-u)c"+ CU"] 
[ (K-u)c'+ cu 
dz 
and  aga in  
The r a y  t r a c i n g  q u a n t i t i e s  t o  be c a l c u l a t e d  a r e  t h e n  r ,  
T ,  a T / a K  w i t h  t h e  a d d i t i o n a l  q u a n t i t i e s  coming  from 
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SHORT-CUTTING THE RAY TRACING  ROUTINE 
The p r o c e s s  o u t l i n e d  for  c a l c u l a t i o n  of r a y s  r e q u i r e s  r a y  
c a l c u l a t i o n  for a l t i t udes  Zo from t h e  s u r f a c e  upward a s  sep-  
arate  ope ra t ions .   The re  is a p o s s i b i l i t y   o f   s h o r t e n i n g  t h e  
c a l c u l a t i o n s  somewhat. 
When one is d e a l i n g  w i t h  an atmosphere made up  of hori- 
z o n t a l l y  homogeneous l a y e r s  t h e  r a y  p a t h  is uniquely determined 
by the c o n d i t i o n s  a t  the s t a r t  of a r ay  th rough  t h e  layers. 
Consider  t h e  s o u r c e  w i t h  e l e v a t i o n  Zo a t  some l e v e l  s a y  zk 
and tha t  rays have been computed through zk,zkml,--- 7Z2YZ17ZO 
= s u r f a c e  l e v e l  = 0. Now c o n s i d e r  the s o u r c e  a t  Zo on some 
other l e v e l  z&,& > k. It is r e q u i r e d  t o  c a l c u l a t e  t h e  r a y  
through t h e  l e v e l s  za7 --- Y Zk 9 "- 7 21 Y zo 
I n  t h e  first r a y  c a l c u l a t i o n s  a t  l e v e l  Zo = z t h e  r a y s  
k k 
k'  
have  been  ca lcu la ted  w i t h  i n i t i a l  e l e v a t i o n  a n g l e s  CpOl7--- 
where n is t h e  number of e l e v a t i o n  a n g l e s  u s e d .  These r a y s  
ex tend  to t h e  ground. 
~Cpon7 
The s e c o n d  c a l c u l a t i o n  w i t h  Zo = z& r e q u i r e s  the rays f o r  
& e l e v a t i o n  a n g l e s  rpol --- These rays are  t h e n  c a l c u l a t e d  
t o  t h e  l e v e l  zk. The c a l c u l a t e d  data w i l l  c o n s i s t  of t h e  
h o r i z o n t a l  t r a v e l  xAk t h e  time, T A k ,  and t h e  phase normal Cpk&. 
The phase normals may  now be compared w i t h  t h e  phase normals 
of  t h e  p r e v i o u s  c a l c u l a t i o n s .  If min (Cpoi)<CpkL<max @Ei) I tha t  
is i f  epkA l ies  w i t h i n  t h e  range of a n g l e s  .Ei used  t o  s t a r t  
r a y s  a t  l e v e l  zk, t h e n  t h e  r e m a i n i n g  h o r i z o n t a l  t r a v e l  a n d  
"om* 
k 
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t i m e  o f  t r a v e l  may be c a l c u l a t e d  by i n t e r p o l a t i o n .  T h u s ,  i f  
k k w e  have cpoi < 'kt < 'oi+l' t h e n  the  r e m a i n i n g  h o r i z o n t a l  t r a v e l  
and t i m e  o f  t r a v e l  f o r  t h e  r a y  b e  o b t a i n e d  by i n t e r p o l a t i o n  
between t h e  c o r r e s p o n d i n g  q u a n t i t i e s  a s s o c i a t e d  w i t h  t h e  v a l u e s  
When Vi& l i e s  o u t s i d e  t h i s  r a n g e ,  t h e n  t h e  c a l c u l a t i o n s  
f o r  t h e  i n d i v i d u a l  r a y  m u s t  be con t inued  t o  t h e  s u r f a c e .  
The cont inued  use  of  t h e  i n t e r p o l a t i o n  p r o c e d u r e  f o r  
s u c c e s s i v e l y  h i g h e r  l e v e l s  o f  t h e  s o u r c e  Zo r e q u i r e s  t h a t  
s u i t a b l e  ' p r e c a u t i o n s  be t a k e n  t o  a v o i d  l o s s  o f  a c c u r a c y .  
I n t e r n a l  m a c h i n e  n u m b e r s  u s u a l l y  c o n t a i n  f a r  more s i g n i f i c a n t  
d i g i t s   t h a n  t h e  s i t u a t i o n   r e a l l y   w a r r a n t s .  These,  t o g e t h e r  
w i t h  a r e a s o n a b l y  h i g h  o r d e r  i n t e r p o l a t i o n  f o r m u l a  ( i . e . ,  o n e  
t h a t  u s e s  s e v e r a l  v a l u e s  o f  v : ~  i n  t h e  i n t e r p o l a t i o n  p r o c e s s )  
s h o u l d  s u f f i c e  t o  p r e s e r v e  a reasonable  degree  of  accuracy .  
L i n e a r  i n t e r p o l a t i o n  w i l l  p r o b a b l y  r e s u l t  i n  q u i c k l y  accumu- 
la ted  errors. In  any case, a s o p h i s t i c a t e d   i n t e r p o l a t i o n  w i l l  
be more e f f i c i e n t  t h a n  c o n t i n u a t i o n  o f  t h e  r a y  t r a c i n g  t h r o u g h  
t h e  lower   l aye r s .  An occas iona l   check  by compar ing   i n t e rpo la t ed  
v a l u e s  w i t h  a c o m p l e t e  r a y  t r a c e  s h o u l d  s e r v e  t o  k e e p  e r r o r s  
unde r  pos i t i ve  con t ro l  and  de te rmine  when t h e  p o i n t  o f  e x c e s s i v e  
e r ro r   has   been   r eached .  A t  t h i s  p o i n t  t h e  r ays   can   be  a l l  
t r a c e d  i n  d e t a i l  aga in  and  the  process  resumed w i t h  f r e s h  v a l u e s .  
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